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�All truths are easy to understand once they are discovered; the
point is to discover them.�

Galileo Galilei (1564-1642)





1. Motivation

The question how the brain works is a central one in the �eld of neuroscience. It cannot
be answered satisfactorily so far. The reason for this is the immense complexity of
the human brain, consisting of a large number of highly interconnected neurons. The
number of neurons in the human brain was estimated to be in the order of 1010 to 1011,
each neuron being connected to other neurons by around 104 synapses, resulting in a
total number of about 1014 to 1015 synapses [43, 51, 66, 71]. Thus, the analysis of the
behavior of the brain on a neuronal level would require methods that can deal with
this large number of neurons. Furthermore, the neurons di�er strongly in terms of their
connectivity, e. g., one neuron may be synaptically connected to many other neurons,
while another one has only few synaptic connections. This fact further complicates the
analysis on a neuronal level. There is active research in this �eld of neuroscience (for a
review see [15]).
Other approaches to analyze the behavior of the brain operate on a coarser level. The
general idea of these approaches is to identify regions in the brain that have speci�c
purposes. The primary visual cortex, for example, is a region located in the back of
the brain, which is attributed to extract general features of the visual scene, like color,
orientation, or motion direction [67]. Some selected information extracted by this re-
gion are then channeled to more specialized areas for further processing. In complex
tasks, such as the identi�cation of persons, the information processing involves several
brain regions. In addition to the identi�cation of the regions it is therefore of particular
interest to determine their interactions. The present work addresses mainly this last
challenge.

In the neuroimaging �eld, usually time series of some physical quantities are measured
that are assumed to be related to processing in the brain. Some techniques, which are
used for this purpose are the functional Magnetic Resonance Imaging (fMRI), Elec-
troencephalography (EEG), Magnetoencephalography (MEG), or Near Infrared Spec-
troscopy (NIRS). The corresponding measurements are used to identify brain regions
that show speci�c characteristics. These modality speci�c characteristics are supposed
to be related to a change in neural activity during the speci�c task compared to baseline
activity. The regions with increased neural activity are then assumed to be involved in
the processing.
The extracted characteristics are also used to model the interaction between the iden-
ti�ed brain regions. An often used measure of interaction is the correlation between
the activity in two di�erent regions. A non-zero correlation of activity in two regions
indicates functional connectivity between these two areas. Functional connectivity is
de�ned as �temporal correlations between spatially remote neurophysiological events�
[21]. A more re�ned analysis of interaction is provided by the partial correlation, which
can be used to distinguish direct from indirect connections, i. e., it is possible to de-
cide whether the interaction is mediated by a third region or not. A further extension
to the partial correlation is provided by the directed partial correlation (dPC), which
measures Granger causal in�uences. A Granger causal in�uence of a process X on a
process Y is characterized through an improved predictability of the process Y based
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on all information compared to a prediction based on the information apart from the
past of X. A causal in�uence is directed and is therefore often depicted by an arrow.
Measures like the dPC are associated to the term �e�ective connectivity�, which can be
de�ned as �the in�uence one neural system exerts over another� [21].
The present work investigates possibilities to estimate the e�ective connectivity based
on electroencephalographic (EEG) and functional magnetic resonance imaging (fMRI)
data. It is of particular interest to explore possibilities for the combination of both
modalities in order to jointly estimate e�ective connectivity. The motivation for the de-
velopment of a combined approach is the complementarity of EEG and fMRI in terms of
temporal and spatial resolution. The fMRI is characterized by a high spatial resolution,
while su�ering from a comparably low temporal resolution. The EEG, in contrast, has
a rather high temporal but comparably low spatial resolution.
Starting in the mid 1990s, the simultaneous acquisition of electroencephalographic and
functional magnetic resonance imaging data is now increasingly available [32, 40, 41].
The possibility to measure the EEG during a fMRI scan imposes additional challenges
for data processing. This is due to the e�ect of electromagnetic induction. During
a simultaneous measurement, the EEG cap is located inside the magnetic resonance
(MR) scanner. The varying magnetic �elds produced by the MR scanner or any move-
ment of the EEG electrodes induce an electric current, representing an artifact. An
advantage of the simultaneous acquisition of EEG and fMRI data are the identical
general conditions. That is, all possible in�uencing factors like temperature, for in-
stance, are the same for both measurements. Furthermore, the separated acquisition
su�ers from the intra-individual variability in task performance and awareness of the
experimentee. That is, the performance of the subject under investigation may di�er
from one measurement to the other. Therefore, the possibility to measure EEG and
fMRI data simultaneously has the potential to improve future �ndings in brain research.

The present thesis is organized as follows: The second chapter introduces some aspects
of the electroencephalography and functional magnetic resonance imaging techniques
as well as the artifacts generated by the simultaneous measurements. In Chapter 3
existing methods for the estimation of e�ective connectivities between brain regions
are discussed. This discussion motivates the development of a framework for the joint
estimation of e�ective connectivities based on simultaneously measured EEG and fMRI
data. One possible framework is suggested in Chapter 4. The discussion of abilities and
limitations of the newly developed method based on a simulation study is performed
in Chapter 5. Chapter 6 then summarizes the �ndings from the previous chapters and
gives an outlook.



2. Measuring brain dynamics

�One of the di�culties in understanding the brain is that it is like nothing so much as
a lump of porridge�
Richard L. Gregory - Eye and Brain: The Psychology of Seeing, 1966

Several measurement techniques can be used to get an insight into the processing of the
brain. Two noninvasive modalities are described in this chapter, the electroencephalog-
raphy (EEG) and functional magnetic resonance imaging (fMRI). The last part of this
chapter concerns additional artifacts produced by the simultaneous measurement of
EEG and fMRI.

2.1. Electroencephalography

This section introduces some aspects of electroencephalography (EEG). The EEG mea-
sures electric potential di�erences between di�erent locations on the scalp. The �rst
part of this section describes the generation of the electric potential measured by the
EEG. The following parts consider the relation between the generators of the potential
and the EEG measurements. It is of particular interest to estimate the location and
strength of the generators from EEG data.

2.1.1. Physiological basis of the EEG

The membrane potential of a neuron at rest is negative, i. e., the interior is negative
compared to the exterior. This results in an electric gradient across the membrane.
Additionally, there is a chemical gradient of sodium and potassium ions. In case of
sodium, the interior concentration is lower than the exterior resulting in a chemical
gradient that is directed to the inside of the cell. In case of potassium, the chemi-
cal gradient is directed to the exterior. Several stimuli to a neuron may increase the
membrane potential, e. g., due to the in�ux of sodium. When the membrane potential
exceeds a certain threshold, an action potential is generated. First, many sodium chan-
nels open shortly, causing an in�ux of sodium and a rapid increase of the membrane
potential. This increase, in turn, causes a short opening of potassium channels and a
rapid decrease of the membrane potential, due to the e�ux of potassium. Afterwards,
the resting potential is restored.
Some of the current takes the shortest route between the cell body and the dendrite, but
current also �ows with decreasing intensity through more distant parts of the brain [28].
The corresponding potential distribution is well approximated to the one of a dipole.
The action potential also represents electric activity that might potentially contribute
to the EEG signal, but the potential distribution generated by an action potential is
similar to that of a quadrupole (Fig. 2.1). The potential generated by a quadrupole
decays faster with increasing distance than that of a dipole. Therefore, the currents at
the dendrites are supposed to be the main sources of the EEG signal.
The potential produced by a single dendrite as described above, is too low to be mea-
sured as EEG at the scalp. The potentials of currents with opposite direction tend to
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Roughly, action potentials are
propagated through the axon,
reaching a synapse (Fig. 2.1).
At the synapse, the action po-
tential causes the release of
neurotransmitters. The re-
leased neurotransmitters then
dock to some receptors at the
postsynaptic neuron, repre-
senting a stimulus to this neu-
ron. Depending on the type of
neurotransmitter and recep-
tor, this stimulus may cause
an increase or a decrease of
the postsynaptic membrane
potential, e. g., due to an in-
�ux of sodium or an e�ux
of potassium respectively. In
case of an increase of the
membrane potential, for in-
stance, the extracellular space
near the dendrites becomes
electronegative with respect
to the cell body (Fig. 2.1).
This di�erence in the po-
tential causes an extracellu-
lar current �ow from the cell
body to the dendrites. Here,
the direction of current is de-
�ned as the direction of posi-
tively charged ions.

- -

-
-

+
++

+
+

+

-
-

+

+
+

----
+
+

+
+

+

+

+

---

--
--

-

Fig. 2.1.: Schematic visualization of a neuron. The charges
at the dendrite and the axon illustrate the similar-
ity to a dipole and a quadrupole respectively. Mod-
i�ed from http://en.wikipedia.org/wiki/Neuron.

cancel out. Therefore, it needs a large amount of temporally synchronized and spatially
equally oriented dipoles to generate a signal measurable by the recording electrodes.
Consequently, the analysis of the location of EEG sources is possible on a macroscopic
level. This motivates the use of the term �net primary current� to describe the summed
postsynaptic currents of a speci�c area of the cortex.

2.1.2. The EEG forward problem

The EEG forward problem is the problem of calculating the electric potential at the
scalp produced by speci�c net primary currents. The solution to this problem depends
on the conductivity of the surrounding medium, i. e., the conductivity of the tissue in
the head. Thus, a model of the conductivity of the head is needed. To this end, di�erent
head models are used. One approach is to approximate the head by three concentric
spherical shells, representing the brain, skull and scalp. The conductivity inside each
shell is assumed to be homogeneous. An analytical solution to the forward problem
exists for this head model [6]. More realistic head models use anatomical information
from magnetic resonance images. The solution of the forward problem can be calculated
numerically for these head models.
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The accuracy of the solution to the forward problem also depends on the description
of the EEG source distribution [48]. Often the source distribution of the EEG signal is
approximated by several current dipoles of moment qi located at positions ri. It follows
from Maxwell's equations that the potential distribution at the scalp, i. e., the solution
to the EEG forward problem, depends linearly on the dipole moments qi while being a
nonlinear function of the positions ri. Thus, the electrical potential φj at the j-th EEG
electrode may be approximated by

φj(q, r) =
∑
i

Kj(ri)qi, (2.1)

where Kj(ri) is the electric potential at the position of the j-th electrode produced by
a dipole of unit strength located at position ri. In matrix vector notation the following
equation results for the electric potential at all EEG electrodes

φ(q, r) = K(r)q, (2.2)

where q is a column vector with entries qi and K(r) is a matrix with entries (K(r))ji =
Kj(ri). The matrix K(r) is called the gain matrix or lead �eld matrix. It depends on
the location r of the dipoles as well as on the speci�ed head model. The dependence of
K on the head model is not expressed explicitly in the equations above.

2.1.3. The EEG inverse problem

The EEG inverse problem is the problem of calculating the net primary current density
given the EEG signals. The problem is ill-posed since there is no unique solution to it
[52]. Therefore, there is the need for additional assumptions, constraining the solution
space to a single solution. Equivalent current dipole methods assume that there are
only a few active sources. These methods usually estimate the location, orientation and
strengths of a �xed number of dipoles [50]. A disadvantage of these methods is the
fact, that the estimated locations of the dipoles may be outside the head. One reason
for this curiosity may be the high amount of noise usually present in EEG recordings.
To face this problem, some methods impose additional spatial constraints. While the
equivalent current dipole methods assume a point like EEG source, cortical patch basis
models allow for extended sources [42].
Another class of methods, sometimes referred to as imaging methods, tessellates the cor-
tical surface with a very large number of dipoles, i.e. they model thousands of dipoles
with �xed locations. The cortical surface is usually extracted from a standardized head
model or a magnetic resonance scan of the subject. The orientation of the dipoles is
also �xed in some cases. Due to the speci�c structure of the cortex, there is evidence
that the orientation of dipoles must be perpendicular to the surface of the cortex [6].
The resulting inverse problem is linear, since the location of the dipoles is �xed. The
lead �eld matrix K(r) may be calculated in advance. A solution to the inverse prob-
lem is then given by solving Equation (2.2) with respect to q. Usually, the number of
modeled dipoles is in the order of several thousands. The number of EEG electrodes
is usually considerably smaller. Usual EEG systems have around 32 to 128 electrodes.
Therefore, the linear system in Equation (2.2) is under determined. To make a the
solution unique, imaging methods optimize a certain criterion. One possibility is the
maximization of the spatial smoothness of the solution [53, 54]. The solution is then
calculated independently for every instant of time. Another possibility is the use of a
temporal model that relates the solutions for di�erent instants of time to each other [26].
This approach uses temporal information instead of a smoothness criterion to calculate
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a unique solution. A further advantage of the method in [26] is that it explicitly models
measurement noise. In scalp EEG recordings the amount of measurement noise is high.
The measurement noise in�uences the solution to the EEG inverse problem.
Another possibility to extract the signal of a special region is given by spatial �lters
[56], sometimes also referred to as beamformers, which ��lters out the activity that
arises from one special location, while trying to suppress the activity from all others�
[74]. Beamformers are of particular interest when the electrical activity at a prede�ned
location has to be estimated.
Similar to the EEG forward problem, the inverse problem also depends on the head
model. A further challenge concerns the reference electrode. It is meaningless to mea-
sure the electric potential at one electrode, one can only measure di�erences in the
potential. Usually, there is a particular electrode chosen as common reference elec-
trode. Ideally, the electric potential at the reference electrode would be constant over
time. In this case, di�erences in the EEG signal would be due to changes in the electric
potential at the other electrode. In practice, it is not possible to choose a zero potential
reference [52]. One possibility to approximate a constant potential reference would be
the use of a common average reference. The common average reference uses the average
potential of all electrodes as reference. This can be established by using any electrode
as reference for the measurement. Then, the data are re-referenced by subtracting the

average EEG signal at each time point. Let y =

y1
...
ye

 be the EEG data, where e is

the number of electrodes. It is

yi = φi − φr, (2.3)

where φi is the potential at the i-th electrode and φr is the potential at the reference
electrode. The re-referencing to the common average reference can be established by

ỹi = yi −
1

e

e∑
j=1

yj = φi −
1

e

e∑
j=1

φj . (2.4)

The theoretical motivation for the use of the common average reference is as follows.
Suppose the head is modeled by a set of concentric spheres of homogeneous tissue. Then,
the surface integral over the electric potential generated by a current dipole inside the
head is zero [7]. The sum of electrical potentials at the electrodes is a discrete approx-
imation to the surface integral and is therefore approximately zero. With increasing
number of EEG electrodes, the approximation becomes better. However, a problem of
this approximation lies in the fact that for a good estimation it is necessary to have
electrodes regularly spaced around the head. The placement of electrodes at the bottom
of the head is impossible. Therefore, the common average reference does not provide a
constant potential reference.
Another possibility is the use of reference free data. These can be established by apply-
ing the discrete Laplace operator to the data, i. e., by subtracting the mean signal of the
four neighboring electrodes from each electrode signal. The Laplace operator spatially
�lters the data. Low spatial frequencies are suppressed by the �lter. This represents a
disadvantage of the Laplace operator.
The di�culties associated to the choice of the EEG reference have to be kept in mind
for the analysis of real EEG data. In the case of simulated data, this problem can be
circumvented.
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2.2. Functional magnetic resonance imaging

This section introduces some aspects of functional magnetic resonance imaging (fMRI).
The �rst part of this section describes the relation of the physical quantity measured
by the fMRI to neural activity. Afterwards some remarks on the temporal properties of
fMRI are given.

2.2.1. Physiological basis of the fMRI signal

The magnetic resonance imaging technique uses strong magnetic �elds to align the spins
of protons in the object to be scanned. Electromagnetic impulses of a particular fre-
quency, the resonance frequency, are applied afterwards to excite the spins. The protons
absorb energy from the electromagnetic impulses and transfer the energy back to the
magnetic resonance (MR) scanner afterwards producing a signal [10]. The MR signal
decays with increasing time. The varying decay rate distinguishes di�erent tissues and
can therefore be used to create an image.
For the image generation it is necessary to distinguish between signals from di�erent
voxels. This is achieved through the speci�c application of di�erent magnetic gradi-
ents, i.e. one gradient for each direction in space. The gradient parallel to the main
magnetic �eld is responsible for the selection of a speci�c slice of the brain. The other
gradients, the so called phase-encoding gradient and the frequency-encoding gradient,
cause di�erent phases and frequencies for the excited spins. Using a two dimensional
Fourier transform, these phase and frequency information can be converted to spatial
information in the directions perpendicular to the main magnetic �eld. A more detailed
description of the magnetic resonance technique is given in [11].
Local changes in the magnetic �eld also alter the decay of the MR signal. The MR signal
decays faster when strong disturbances of the magnetic �eld are present. This fact is
used by the functional magnetic resonance imaging (fMRI) technique. The blood oxy-
gen level dependent (BOLD) signal measured by the fMRI re�ects changes in the local
deoxyhemoglobin content in the blood. The paramagnetic nature of deoxyhemoglobin
disturbs the magnetic �eld and therefore decreases the MR signal. To relate the fMRI
signal to neural activity it is therefore necessary to relate the local deoxyhemoglobin
content to neural activity.
The deoxyhemoglobin content is related to the local cerebral blood �ow (CBF). An
increase in blood �ow results in an accelerated oxygen (O2) delivery. At the same time,
the oxygen extraction per time is also increased. Assuming an O2 �ux down a di�usion
gradient the latter e�ect is due to an increased partial pressure of O2 in the blood. The
increase of oxygen delivery is higher than that of the oxygen extraction, resulting in a
net decrease of deoxyhemoglobin per blood volume.
The increase in CBF �is triggered by a relaxation of the smooth muscle in the wall of the
arterioles� [12]. At the same time, the capillaries and veins may also expand, resulting
in an increase of cerebral blood volume (CBV). This increased cerebral blood volume,
in turn, gives raise to a higher total deoxyhemoglobin content. The resulting BOLD
signal is a combination of the e�ects of CBF and CBV increase.
With increasing neural activity, the energy consumption increases. This may be the
reason for an increased blood �ow delivering more glucose. The detailed mechanisms
relating neural activity to the cerebral blood �ow (CBF) is however still under debate
[5, 12, 43, 63, 64, 68].
There are some quantitative models for the link of neural activity to the BOLD signal.
These models are referred to as �hemodynamic models�. Di�erent hemodynamic models
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have been suggested in the literature. Here we focus on a model given by the following
considerations [12, 17, 25].

Remark 2.1 Hemodynamic model
Denote the cerebral blood �ow by f , the cerebral blood volume by v and the deoxyhe-
moglobin content by q. A hemodynamic model relating neural activity z to the BOLD
signal b may be speci�ed by the use of ordinary di�erential equations as follows [17]:

f̈ = εz − κsḟ − κf (f − 1) (2.5)

v̇ =
1

τ
(f − v

1
α ) (2.6)

q̇ =
1

τ

(
f

1− (1− E0)
1
f

E0
− v

1
α
q

v

)
(2.7)

b = V0(a1(v − 1) + a2(q − 1)), (2.8)

where ε, κs, κf , τ, α, E0, V0, a1 and a2 are empirically determined parameters.

The term �neural activity� describes activity of neurons. It is not directly associated
to a physical quantity. It is not known, which aspect of neural activity drives the
hemodynamic response up to know [12, 63]. Therefore, it is di�cult to investigate
the link of neural activity to the BOLD signal experimentally. An alternative way to
investigate this relationship is the following. When it is already known, that a speci�c
brain region responds to a stimulus, it is possible to relate the BOLD signal of this region
to the stimulus. Assuming that the neural activity in this region is highly correlated to
the stimulus, it is possible to gain information about the link of neural activity to the
BOLD signal. Following this approach, the hemodynamic response to di�erent stimuli
has been determined. A typical hemodynamic response to a short stimulus is presented
in Fig. 2.2. It is characterized by an initial delay, lasting for 1-2 seconds, where the
BOLD signal does not change. After this initial delay, an increased BOLD signal is
observed lasting for around 4-6 seconds. This increase can be interpreted as the main
BOLD response. Finally, a post-stimulus undershoot, i. e., a decreased BOLD signal is
common.
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Fig. 2.2.: Visualization of a typi-
cal BOLD response to a
very brief stimulus at time
0. The visualized curve is
sometimes called hemody-
namic response function.

Furthermore, there are some nonlinear e�ects observed, that is, the response to two
consecutive stimuli is less than the sum of the responses to the single stimuli. The
model in Remark 2.1 accounts for this nonlinearity [25]. To reduce the computational
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demand it is possible to ignore the nonlinear e�ects. The BOLD signal may then be
approximated by a convolution of the stimuli with a hemodynamic response function.

2.2.2. Temporal properties of the fMRI

The BOLD signal may be approximated by a temporal convolution of the neural activity
with a hemodynamic response function. The convolution has the e�ect that consider-
ably di�erent neural activities may result in similar BOLD signals (Fig. 2.3). The

0 5 10 15
-1

-0.5

0

0.5

1

S
tim

ul
us

 [a
rb

. u
n.

]

Time [s]

Different stimuli

0 10 20 30

0

0.05

0.1

0.15

0.2

B
O

LD
 s

ig
na

l [
ar

b.
 u

n.
]

Time [s]

BOLD signal

0 10 20 30

0

0.05

0.1

0.15

0.2

B
O

LD
 s

ig
na

l [
ar

b.
 u

n.
]

Time [s]

BOLD signal sampled every 2 seconds

0 10 20 30

0

0.1

0.2

B
O

LD
 s

ig
na

l [
ar

b.
 u

n.
]

Time [s]

BOLD signal with additional noise

Fig. 2.3.: Arti�cial example of the convolution e�ect on two strongly di�ering stimuli. The
di�erent stimuli (top left �gure, blue and red curve) result in similar signals when
convolved with a hemodynamic response function (top right �gure). The slow sampling
rate of 0.5 Hz for fMRI data renders the signals even more similar (bottom left �gure).
The last �gure (bottom right) shows the signals with a small amount of additive
Gaussian measurement noise.

BOLD signals are rendered even more similar due to the low sampling rate of the fMRI
technique, which is currently in the order of 0.5 to 1 Hz (Fig. 2.3). However, while
the convolution e�ect is an inherent property of the measurement technique, technical
improvements may increase the sampling rate in future.
A third challenge in the analysis of fMRI data concerning temporal aspects is the so
called �slice timing problem�. This problem originates from the method applied to en-
able the spatial encoding. The magnetic gradient, which is parallel to the main magnetic
�eld, is used to select a speci�c slice of the brain for the measurement. The next slice
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is then measured subsequently, then the third and so on, until all slices are measured
resulting in an image of the entire brain. Thus, di�erent slices of the brain are mea-
sured at di�erent instants of time. Note, that this procedure results in a single sample
in time, i.e. each volume element (voxel) is scanned once. To obtain a time series, this
procedure has to be repeated with time.
Many methods commonly applied for further analysis of the fMRI data require a si-
multaneous measurement of the whole brain for each sample. Therefore, the signals
from the di�erent slices are usually interpolated to a speci�c instant of time, e.g. to the
measurement time of the �rst slice. This interpolation may introduce additional errors.
Thus, it is desirable to develop methods which are able to deal with the slice timing
problem without a previous interpolation.

2.3. MR scanner induced EEG artifacts

As already mentioned in Section 1, a challenge of simultaneous measured EEG and fMRI
signals are the unavoidable scanner induced EEG artifacts. These artifacts in the EEG
signal can be explained by electromagnetic induction. The EEG system is placed in a
strong magnetic �eld, produced by the magnetic resonance (MR) scanner. Whenever
the magnetic �eld changes or the electrodes of the EEG system move, an electrical
current is induced. This occurs in the following cases. First, the MR scanner applies
magnetic gradients for the spatial encoding. These gradients change the magnetic �eld,
producing the so called imaging artifact. Second, the heart beat causes small movements
of the head or of electrodes adjacent to blood vessels. The artifact created in this way
is called �pulse artifact�. Third, the subject inside the scanner may move, producing an
EEG artifact.
Among these artifacts, the imaging artifact usually has the highest amplitude, being
orders of magnitude higher than the biological signal. The imaging artifact is usually
regular. This regularity may be used to estimate an average imaging artifact, which is
then subtracted from the raw signal [1]. Since the gradient application is not temporally
locked to any stimulus or biological EEG signal, it can be assumed that the mean
biological signal cancels out. Therefore, the average imaging artifact may be calculated
through an averaging of the raw EEG signal of corresponding scanning periods.
The amplitude of the pulse artifact is much smaller than that of the imaging artifact.
It is still in the range of the biological signal. A similar method for elimination of
the pulse artifact as described for the imaging artifact above can be applied. One
challenge in this procedure is the detection of heart-beats [2]. Another problem for the
application is the possibly varying shape and duration of the pulse artifacts. Therefore,
a method based on independent component analysis (ICA) might be preferable [49].
Independent component analysis is a method that applies a linear transformation to
the data to achieve maximal statistical independence of the resulting components (see
[31] for a review). The method can be used for automatic signal separation. In the case
of EEG data, the idea is to separate biological signals from artifact signals. Afterwards,
the inverse transformation can be applied to those components related to biological
signals, resulting in an artifact free signal. Thus, the method may be applied not
only to the pulse artifact, but also to other artifacts, like those resulting from eye
movements. One remaining challenge is the distinction between biological and arti�cial
components, i.e. the independent components have to be classi�ed into components
representing a biological signal and those representing an artifact. Furthermore, there
may be components consisting of a mixture of several signals. That is, the distinction
between arti�cial and biological signal may fail. To give an example consider the case of
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64 EEG electrodes. Applying the ICA to this data results in 64 maximal independent
components. If there are for instance 40 di�erent biological signals and 40 artifacts,
some independent components have to be mixtures of di�erent signals. In summary,
the methods for artifact removal are still under investigation.
The most challenging artifacts of the above mentioned ones is probably the artifact
resulting through subject movements, because of its irregularity. Fortunately, these
artifacts are usually less frequent than the others. In many cases, those parts of the
data, a�ected by these artifacts may be removed from further analysis.

2.4. Summary

The information processing in the brain is performed in speci�c brain regions. These
brain regions interact with each other. The identi�cation of active brain regions and
the speci�cation of their interaction is of particular interest in neuroscience research.
This thesis addresses mainly the second of these challenges, namely the analysis of
the interaction of the active brain regions. This is done by the analysis of electroen-
cephalographic and functional magnetic resonance imaging data. The EEG measures
di�erences in the electric potential at the scalp that are produced by the electric activity
of neurons. For the identi�cation of brain regions that are electrically active, the EEG
inverse problem has to be solved. This problem however is ill-posed as there are several
possible source distributions that produce exactly the same scalp potential. Solutions
to the EEG inverse problem are therefore based on additional assumptions such as a
restricted number of active regions, a spatial smoothness of the source distribution or
a particular temporal dynamic of the solution.
The fMRI signal is related to the local deoxyhemoglobin content in the blood. The
deoxyhemoglobin content in turn is supposed to be related to neural activity via a
hemodynamic model. The hemodynamic response to neural activity is characterized by
a temporal delay and a convolution e�ect. The temporal convolution complicates the
inverse problem of estimating the neural activity based on fMRI data. A low sampling
rate and the slice timing problem are further challenges for the analysis of fMRI data.
The simultaneous measurement of EEG and fMRI data has the potential to improve
future �ndings in brain research. The additional artifacts in the EEG data produced
by electromagnetic induction introduce further challenges for the data analysis.





3. Estimation of e�ective connectivities

�Essentially, all models are wrong, but some are useful.�
George Box - Empirical Model-Building and Response Surfaces (1987), p. 424, Wiley

A main goal of this thesis is the development of a method that can be used to estimate
e�ective connectivities between brain regions based on simultaneous measured EEG and
fMRI data. In the literature, there are di�erent methods for the estimation of e�ective
connectivities based on a single modality. Some of these methods and the corresponding
strengths and weaknesses are described in this section.
Several regions of the brain are involved in the processing of a speci�c task. As described
in Chapter 1, these regions may be identi�ed using EEG or fMRI data. In case of fMRI
data, general linear models may be used to identify regions with task related activity
[24]. The BOLD activity of each voxel is taken as the dependent variable in the general
linear model. The independent variables are formed by convolving the stimuli with a
hemodynamic response function. The parameter estimates for each voxel are associated
with a task related activity. Following this procedure, for each voxel a general linear
model has to be estimated. Therefore, the challenges resulting from multiple testing
must be considered for signi�cance testing. An activated region is then usually de�ned
by visual inspection. Areas with many signi�cant voxels are de�ned as regions of interest
for further processing. For EEG data the ill-posed inverse problem complicates the
identi�cation of these regions.
In the following, it is assumed that the activated regions already have been identi�ed. All
calculations are performed on a regional level. The regions are not further subdivided.
In case of the fMRI, the regions usually consist of several voxels. The BOLD signal
of a region is therefore de�ned as the summed BOLD signal of all voxels inside this
region. For the EEG, there is usually one net primary current modeled per region. This
net primary current models the summation of synaptic currents in the corresponding
region.
In the methods described below, the connectivity of brain regions is modeled on the
basis of di�erent physical quantities. For methods using fMRI data, the connectivity is
either modeled based on the BOLD signal or based on the neural activity. In the latter
case the link of neural activity to the BOLD signal is modeled by a hemodynamic model
(Remark 2.1). Due to the lack of knowledge of the exact link from neural activity to
the BOLD signal, it is not explicitly stated which aspect of neural activity is modeled
(see Section 2.2.1). In the case of the EEG, the connectivity is modeled based on the
net primary currents.

3.1. Dynamic causal modeling

Dynamic causal modeling (DCM) [23] is a method sugested for the estimation of e�ective
connectivities based on fMRI data. The connectivity is modeled based on the neural
activity.
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3.1.1. Model de�nition and parameter estimation

Let z(t) = (z1(t), . . . , zl(t))
T denote the values of the abstract term neural activity,

which is not directly associated to a physical quantity, of l regions at time t and u(t) =
(u1(t), . . . , um(t))T be the states of the m stimuli at time t. The dynamic of the neural
activity is modeled by

ż(t) = Az(t) +
m∑
j=1

uj(t)B
jz(t) + Cu(t). (3.1)

The matrices A, Bj , j = 1, . . . ,m and C are parameter matrices. The interpretation of
the matrices is as follows. The entry Aik of matrix A represents the in�uence of region k
on region i in the absence of input. The matrix C embodies the in�uence of the stimuli
to the regions. The matrices Bj describe the change of the connectivity induced by
input j. A hemodynamic model is used to link the unobserved neural activity to the
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high spatialactivity

fMRI

measurement

time

hemodynamic
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hemodynamic
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spatial information
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information Deterministic dynamic

Fig. 3.1.: Schematic visualization of the model used in DCM. Each circle represents a sampling
point. The gray background represents the neural activity, which is not observed.
The dynamic of neural activity is modeled by an ordinary di�erential equation, i. e.,
deterministically. The link from neural activity to the fMRI signal is achieved by a
hemodynamic model.

observed fMRI data. This hemodynamic model is described in [23, 25] and is similar to
that in Remark 2.1.
For inference on the model parameters based on fMRI data, an error term is added
to the modeled BOLD signal. This error term represents measurement noise. It is
assumed to be Gaussian distributed with zero mean and unknown covariance matrix
Σe. The estimation of model parameters is performed based on a Bayesian approach
using Gaussian prior distributions for the parameters. Thus, the parameter estimates
Θ∗ are given by the maximum a posterior estimate

Θ∗ = argmaxΘ(ln p(Θ|y, u,Σe)) = argmaxΘ(ln p(y|Θ, u,Σe) + ln p(Θ)). (3.2)

For the second equation, Bayes rule is applied. The denominator is skipped, being
independent of Θ. Due to the assumption of Gaussian distributions for the prior and
the data the following equations hold

ln p(y|Θ, u,Σe) = −1

2
(y − ŷ(Θ, u))TΣ−1

e (y − ŷ(Θ, u)) (3.3)

ln p(Θ) = −1

2
(Θ− ηΘ)TΣ−1

Θ (Θ− ηΘ), (3.4)
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where ŷ(Θ, u) is the estimated BOLD signal, and ηΘ and ΣΘ are the expectation and the
covariance of the prior distribution respectively. The maximization can be achieved by
numerical methods, e.g. by a Fisher scoring algorithm. The covariance of the maximum
a posterior estimate is given by minus the inverse of the expected Fisher information.
An Expectation-Maximization (EM) algorithm may be used to iteratively estimate the
parameters Θ and the error covariance Σe [23]. In the expectation step, the error
covariance Σe is �xed and a new estimate of Θ is calculated. In the maximization step,
the covariance Σe is updated.
The a posterior distribution p(Θ|y, u,Σe) can be used for signi�cance testing of the
parameters. The Bayesian approach allows to use prior knowledge implemented through
the prior distributions of the parameters.
In [23] the matrices A and Bj are factorized in a scaling factor σ and normalized matrices
Ã and B̃j . The diagonal entries of Ã are set to -1, modeling identical self-connections
for each region

A = σÃ = σ

−1 a12 . . .
a21 −1
...

. . .

 (3.5)

Bj = σB̃j = σ

b
j
11 bj12 . . .

bj21 bj22
...

. . .

 . (3.6)

The prior distribution of the scaling parameter σ is chosen to be a Gaussian distribution
with mean 1 and variance 10−3. The mean was determined empirically, the variance
in contrast was chosen in an arbitrary way to make the probability that σ is negative
suitably small [23]. The prior expectation of the other parameters is set to 0. The prior
variance is set to the arbitrary value of 10−3 for stability reasons. Some parameters of the
hemodynamic model may also be estimated. The prior distribution can be determined
empirically. If any additional prior knowledge is available, this can be incorporated by
equating the variance of the known parameters to zero. For example, if it is known that
some connections do not exist, the prior variance of the corresponding parameters are
set to zero. In this way, the parameter value is �xed at zero.

3.1.2. Strengths and weaknesses of DCM

In many applications, there is no prior knowledge about the connectivity structure.
Therefore, in [20] it is tested whether DCM is able to estimate the correct connectiv-
ity structure using no prior knowledge, i. e., no parameter value is �xed at a certain
value. For this purpose, fMRI data are simulated according to the model used in DCM,
without any measurement noise. The subsequent parameter estimation based on DCM
results in a connectivity structure that deviates strongly from the correct one. It is
concluded that it is not possible to identify the correct connectivity structure without
prior knowledge [20].
One reason for this non-identi�ability is the low temporal resolution, i. e., the slow sam-
pling rate of fMRI and the temporal convolution inherent in the hemodynamic model.
Strongly di�erent stimuli and therefore strongly di�erent neural activities may result
in similar BOLD signals. The slow sampling rate and additional measurement noise
render the signals even more similar.
The slice timing problem (Section 2.2.2) is not critical for DCM. In many applications
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the recordings of all slices are interpolated to a common time. This interpolation in-
troduces additional errors. Since DCM uses a continuous model in time, it is possible
to use di�erent measurement times for di�erent brain regions [36]. This reduces the
interpolation error, depicting a strength of DCM.
Another explanation for wrong parameter estimates concerns the prior distributions.
Since the expectation of the connectivity parameters is set to zero, the prior distri-
butions have higher probability for parameter estimates that are close to zero. Thus,
they will introduce a bias in the estimation towards lower parameter values. This e�ect
becomes stronger with increasing measurement noise since the inverse covariances of
the prior distribution and the error distribution weight the contribution of the corre-
sponding terms (3.2)-(3.4). The covariance of the prior distribution is �xed at 10−3.
Hence, with increasing noise the relative weight of the prior distribution increases. This
is a positive e�ect, in the case that there is evidence that the prior distributions are
correct. However, when nothing is known about the prior distributions, they are likely
to be wrong. In this case, a high weight of the prior distribution introduces a bias. This
e�ect may be reduced by increasing the variance in the prior distribution. In summary,
the prior distribution has to be speci�ed with care.
A further weakness of DCM is the bilinear deterministic model of the dynamics of neu-
ral activity (Fig. 3.1). Usually, there is also some random activity in the brain. It
has been shown that the parameter estimates of DCM show large deviations from the
correct ones, when the fMRI data are simulated with additional noise on the neuronal
level [20]. For this estimation the connectivity structure was �xed to the correct one by
prior constraints, i. e., for those connections which are known to be zero the connection
parameter was �xed at zero.

3.2. Directed partial correlation

The directed partial correlation (dPC) is an alternative method that can be used to
estimate e�ective connectivities. Applying the dPC to fMRI data does not require the
speci�cation of a hemodynamic model. The connectivities can be estimated based on
the BOLD signal.

3.2.1. De�nitions and asymptotic properties

Let X be a d-dimensional stationary stochastic process in discrete time. In the following
it is assumed that X has zero mean. Denote by X(t) the past of X(t), i. e., the random
vectors X(1), . . . ,X(t − 1). The directed partial correlation (dPC) is a method that
estimates the in�uence of one component onto another at a certain time lag. It is
formally de�ned in the following.

De�nition 3.1 Directed partial correlation (dPC)
De�ne the directed partial correlation πij(u) for u > 0 as the correlation between Xi(t)
and Xj(t− u) after removing the linear e�ects of X(t) \ {Xj(t− u)}.
The de�nition of the dPC is quite abstract. Therefore, the development of an appro-
priate estimator is not straightforward. In [19], a consistent estimator for the dPC is
given. It is based on the parameter estimates of a vector autoregressive process, which
is de�ned in the following.

De�nition 3.2 Vector autoregressive process of order p (VAR(p))
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A vector autoregressive process of order p (VAR(p)) is given by

X(t) =

p∑
u=1

A(u)X(t− u) + ε(t) (3.7)

where ε(t) = (ε1(t), . . . , εd(t))
T is a Gaussian white noise process with zero mean and

covariance matrix Σ.

The d × d parameter matrices A(u) in the de�nition above denote in�uences from the
past at time lag u. Diagonal entries Aii(u) represent in�uences from the own past of the
i-th component on itself. Interactions between di�erent components are represented by
entries Aij(u) for i 6= j.
An estimator of the parameter matrix A can be obtained through the Yule-Walker
equations. They can be obtained by multiplying equation (3.7) by X(t− h)T from the
right for di�erent h = 1, . . . , p and taking expectations. The Yule-Walker equations are
given by 

Γ(1)
Γ(2)
...

Γ(p)


︸ ︷︷ ︸

γp

=


Γ(0) Γ(−1) . . . Γ(1− p)
Γ(1) Γ(0) . . . Γ(2− p)
...

...
. . .

...
Γ(p− 1) Γ(p− 2) . . . Γ(0)


︸ ︷︷ ︸

Γp


A(1)
A(2)
...

A(p)


︸ ︷︷ ︸

Ap

(3.8)

where

Γ(h) = E(X(t)X(t− h)T ) (3.9)

denotes the autocovariance function and E(·) the expectation value. By the stationarity
assumption, the autocovariance function depends not on the time t, but only on the
time lag h.
An estimator Âp of the VAR(p) parameters Ap can be established by replacing the
autocovariance functions in (3.8) by their estimates

Γ̂(h) =
1

N

N∑
t=p+1

x(t)x(t− h)T . (3.10)

where x(t) is a realization of X(t) and N is the number of observations. The previous
results are summarized in the following de�nition.

De�nition 3.3 Estimator for the VAR(p) parameters
An estimator Âp for the parameters Ap of a vector autoregressive process of order p
(VAR(p)) is given by

Âp = Γ̂−1
p γ̂p (3.11)

where Γ̂p and γ̂p are the estimators of Γp and γp in (3.8) given by (3.10).

This estimator equals the least square and the maximum likelihood estimators [45]. The
asymptotic properties of the estimator are given in the following theorem.

Theorem 3.1
The estimator from De�nition 3.3 is weakly consistent and ful�lls the following asymp-
totic normality property

√
N(vec(Âp)− vec(Ap))

d−→ N (0,Γ−1
p ⊗ Σ) (3.12)
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where vec(Ap) =



A11(1)
...

Ad1(1)
A21(1)

...
Add(1)
A11(2)

...
Add(p)


and ⊗ is the Kronecker product. Thus, the asymptotic

covariance is given by

N Cov(Âij(u), Âkl(v))
N→∞−−−−→ (Γ−1

p )(u−1)d+j,(v−1)d+lΣik. (3.13)

Proof. The proof is given in [45] Proposition 3.1.

So far, the estimation was restricted to the parameter matrix A. Certainly, the covari-
ance matrix Σ of the VAR process has to be estimated as well. This can be established
by a least square estimate as follows.

Theorem 3.2
A consistent estimator Σ̂ of the error covariance Σ is given by

Σ̂ =
1

N − p

N∑
t=p+1

ε̂(t)ε̂(t)T (3.14)

where ε̂(t) = x(t) −
∑p

u=1 Â(u)x(t − u). The estimator Σ̂ is asymptotic Gaussian
distributed with mean Σ and covariance matrix given by

N Cov(Σ̂ij , Σ̂kl)
N→∞−−−−→ ΣjlΣik. (3.15)

Proof. The proof is given in [45] Proposition 3.4.

With the above estimators it is now possible to de�ne an estimator for the dPC [18, 19].

De�nition 3.4 Estimator for the dPC
De�ne an estimator π̂ij(u) of the directed partial correlation by

π̂ij(u) =


Âij(u)√
Σ̂iiτ̂ij(u)

, u > 0

Σ̂ij√
Σ̂iiΣ̂jj

, u = 0
(3.16)

where

τ̂ij(u) = K̂jj +

u−1∑
v=1

∑
k,l∈V

Âkj(v)K̂klÂlj(v) +
Âij(u)2

Σ̂ii

(3.17)

with K̂ = Σ̂−1.

The estimator in De�nition 3.4 is consistent [19]. Applying the dPC directly to fMRI
data results in estimates π̂ij(u) for the e�ective connectivity between brain regions i
and j at time lag u. A nonzero value of πij(u) indicates an in�uence from region i to
region j at time lag u. The corresponding null and alternative hypothesis are given by

H0 : πij(u) = 0 H1 : πij(u) 6= 0. (3.18)
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For a test of a signi�cant e�ective connectivity, the distribution of the dPC estimator is
needed. Alternatively, the distribution of the estimated VAR parameters can be used,
since the dPC is a normalization of the VAR parameters. The following relation holds
for Σii 6= 0 and τij(u) 6= 0

πij(u) 6= 0⇔

{
Aij(u) 6= 0, u > 0

Σij 6= 0, u = 0
. (3.19)

Thus, it is equivalent to test for non-zero VAR parameters instead of a non-zero dPC.
The asymptotic distribution of the VAR parameters are given in Theorems 3.1 and 3.2.
The approximation of the �nite data variances by the asymptotic variance for the VAR
parameters was validated in [45]. Therefore, an approximative α signi�cance level for
the absolute value of the parameters Aij of the VAR process is given by

Φ−1(1− α

2
)

√
1

N
(Γ̂−1

p )(u−1)d+j,(u−1)d+jΣ̂ii, (3.20)

where Φ−1 is the inverse standard normal distribution. Analogously, an approximative
α signi�cance level for the absolute value of Σij is given by

Φ−1(1− α

2
)

√
1

N
Σ̂jjΣ̂ii. (3.21)

Dividing these signi�cance levels by the denominator of the dPC estimator results in
the following signi�cance level for the dPC.

Remark 3.1
The α signi�cance level for the absolute value of the estimated directed partial correla-
tion (|π̂ij(u)|) can be approximated byΦ−1(1− α

2 )

√
1
N

(Γ̂−1
p )(u−1)d+j,(u−1)d+j

τ̂ij(u) , u > 0

Φ−1(1− α
2 )
√

1
N , u = 0.

(3.22)

3.2.2. Strengths and weaknesses of the dPC

In [20, 46] the performance of the dPC is evaluated by simulation studies. In [46] the
dPC is applied to a simulated realization of a VAR(p) process. The simulations show
that the dPC is able to reconstruct the true connectivity structure. Furthermore, the
dPC is applied to data simulated by the DCM model. The parameter matrices Bj and
C of the DCM model for the dynamic of the neural activity (c.f. equation (3.1)) are set
to zero. Also for these data, the dPC can reconstruct the true connectivity structure.
Additionally, the in�uence of additive Gaussian measurement noise is tested. For both
types of data it turns out that the connectivities are underestimated. Thus, the number
of false negative estimates increases with measurement noise, while there are no false
positives observed. This is due to an underestimation of the VAR(p) parameters, which
can be explained by the so called �error in variables problem� [46].

Example 3.1 Error in variables problem
Let

X(t) = aX(t− 1) + ε(t), ε(t) ∼ N (0, σε) (3.23)

be an autoregressive process of order 1. Multiplying (3.23) by X(t − 1) and taking
expectation results in

a =
E(X(t)X(t− 1))

E(X2(t− 1))
. (3.24)
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Let
Y (t) = X(t) + η(t), η(t) ∼ N (0, ση) (3.25)

be an autoregressive process with additional measurement noise. Equation (3.24) ap-
plied to Y (t) results in

ã =
E(Y (t)Y (t− 1))

E(Y 2(t− 1))
=

E(X(t)X(t− 1))

E(X2(t− 1)) + E(η2(t− 1))
= a

( 1

1 + E(η2(t−1))
E(X2(t−1))

)
(3.26)

since X(t), η(t) and η(t − 1) are pairwise uncorrelated. Thus, the parameter a is
systematically biased towards zero.

Another challenge for the application to real data is the low sampling rate of fMRI. This
is problematic since the interaction of brain regions is much faster than the sampling of
the fMRI. Therefore, some important information may be lost due to the slow sampling.
This problem is addressed in [20] by simulated data based on a two dimensional VAR(1)
process. The slow sampling is simulated by taking only every third observation of the
simulated data for parameter estimation. In this simulation example, the connectivity
structure is correctly identi�ed, but the time lags are shifted towards zero, i. e., for a
true time lag of one, the estimation shows additionally a signi�cant connection at time
lag zero. Another simulation example based on a �ve dimensional VAR(2) process is
given in the following.

Example 3.2 Simulation example with slow measurements
A realization of a �ve dimensional VAR(2) process of length N = 6000 is simulated.
The parameter matrices of the process are given by

A(1) =


0.4 0 0 0 0
0 0.4 0 0 0

0.7 0.7 0.4 0 0
0 0.8 0 0.4 0
0 0 0 0.4 0.4

 A(2) =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0.4
0 0 0 0 0

 , (3.27)

the covariance of the error term is set to the identity matrix. In Fig. 3.2 a visualization
of the connectivity structure of the process is given.
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Fig. 3.2.: Visualization of the connectivity
structure of the process from Ex-
ample 3.2. Each component of the
VAR process is associated with a
circle. Arrows denote a directed in-
teraction. Numbers represent the
VAR parameters. The subscript at
the numbers describes the time lag.
Numbers without subscript denote
an interaction at time lag 1. Each
component has an additional in�u-
ence on itself, which is not depicted.

The dPC is applied to the �rst 2000 observations. The resulting dPC estimates and the
corresponding 99% signi�cance levels under the null hypothesis of no interaction are
shown in Fig. 3.3. The connectivity structure is estimated correctly. For the simulation
of slow measurements, a new data set is build consisting of every third observation of
the original data set. The resulting data set consists of 2000 observations. The results
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Fig. 3.3.: Visualization of the
dPC estimates and
the corresponding
signi�cance levels for
the �rst estimation in
example 3.2. Negative
time lags in coordinate
system (i,j) denote an
in�uence from compo-
nent i on component j.
Positive time lags show
an in�uence in the
opposite direction. At
time lag zero instanta-
neous interactions are
visualized.

of the dPC estimation are shown in Fig. 3.4. A shift of the time lags towards zero
is observed as expected. Furthermore, two false positive connections are present, an
instantaneous interaction of components 3 and 4 as well as a causal in�uence from
component 2 on component 5 with time lag 1. The former can be explained as follows:
The dPC is de�ned as the correlation of two components at a speci�c time lag, after
removing the linear e�ects of all other components and time lags. The third and fourth
component are both causally in�uenced by the second component with a time lag of
one. Therefore, they are correlated to each other due to the joint in�uence of region
two. After removing the linear e�ect of component two, the third and fourth regions
would not be correlated anymore. However, the linear in�uence of component two can
not be eliminated completly since there is only every third value observed, i. e., the value
of the second component one time step before is not observed. Therefore, a correlation
between the third and fourth components remains. Similar arguments can explain the
observed in�uence from region 2 on region 5, due to some missing observations of region
4.

The slice-timing problem represents a further challenge for the dPC procedure. In the
description above, it is assumed that all components of the VAR(p) process are observed
at equal instants of time. For fMRI data this is not the case. In [20] simulation studies
investigate the performance of the dPC, when the di�erent measurement times are
ignored, i. e., the data are analyzed as if they were measured at the same instants of time.
Another simulation investigates the performance of the dPC, when the measurements
are linearly interpolated to a common instant of time. In both cases false positive dPC
estimates are observed.

3.3. State space modeling and directed partial correlation

The VAR(p) process used to estimate the directed partial correlation does not model
measurement noise explicitly. This results in an underestimation of the dPC in the
presence of measurement noise as described in Sec. 3.2.2. A possibility to model mea-
surement noise explicitly is given by linear state space models.
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Fig. 3.4.: Visualization of the
dPC estimates and
the corresponding
signi�cance levels for
the second estima-
tion in example 3.2.
The instantaneous
interaction between
component 3 and 4
as well as the causal
in�uence from compo-
nent 2 on component 5
are false positives.

De�nition 3.5 linear state space model
A linear state space model is de�ned by a state equation given by a VAR(1) process

X(t) = AX(t− 1) + ε(t), ε(t) ∼ N (0,Σ) (3.28)

and a measurement or observation equation

Y(t) = CX(t) + ξ(t), ξ(t) ∼ N (0, R). (3.29)

The dx × dx matrix A describes the state dynamic. The dy × dx observation matrix C
describes the linear transformation of the states X to the observations Y . The Gaussian
white noise terms ε(t) and ξ(t) are assumed to be uncorrelated. The states X are usually
not observed and are therefore also referred to as hidden variables.

A VAR(1) process with additional measurement noise is modeled by choosing C = Idx
in De�nition 3.5. An equivalent extension of a VAR(p) model can also be achieved.

Remark 3.2 VAR(p) with measurement noise
A VAR(p) process with additional measurement noise can be modeled by the following
linear state space model

X(t)
X(t− 1)

...
X(t− p+ 1)

 =


A(1) A(2) . . . A(p)
Id 0d . . . 0d
...

. . . . . .
...

0d 0d . . . Id




X(t− 1)
X(t− 2)

...
X(t− p)

+


ε(t)
0
...
0

 (3.30)

Y(t) =
(
Id 0d . . . 0d

)


X(t)
X(t− 1)

...
X(t− p+ 1)

+ ξ(t) (3.31)

where Id is the d× d identity matrix and 0d is a d× d matrix with all entries equal to
zero.
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The linear state space model can be extended to incorporate �xed external inputs.
These inputs can be added in the state equation or in the observation equation. In
the case of fMRI data, the incorporation of external inputs is in particular useful to
model the in�uence of stimuli. The stimuli are assumed to a�ect the state variables.
Therefore, inputs at the observation level are not considered in the following.

De�nition 3.6 linear state space model with external input
A linear state space model with external input U can be de�ned by

X(t) = AX(t− 1) + ΨU(t) + ε(t), ε(t) ∼ N (0,Σ) (3.32)

Y(t) = CX(t) + ξ(t), ξ(t) ∼ N (0, R) (3.33)

where Ψ is a parameter matrix de�ning the in�uence of the inputs on the state variables.

3.3.1. Conditional expectation of the hidden variables

The state variables of a linear state space model are usually not observed. Therefore,
it is of interest to calculate the expected values of the state variables given the observa-
tions. This can be accomplished by the Kalman �lter and Kalman smoother. For the
description of the Kalman �lter and smoother the following notations are used.

Notation 3.1
For the rest of this thesis the following notations for the data up to time s, and the
conditional expectation and covariance are used:

ys = {y(1), . . . ,y(s)} (3.34)

xst = E(X(t)|ys) (3.35)

P st1,t2 = E((X(t1)− xst1)(X(t2)− xst2)T |ys) (3.36)

P st = E((X(t)− xst )(X(t)− xst )
T |ys). (3.37)

where y(1), . . . ,y(s) are observed data, i. e., realizations of the random vectors
Y(1), . . . ,Y(s) and E(X|y) denotes the conditional expectation of X given Y = y.

The Kalman �lter can be used to calculate the conditional expectation xtt given the data
up to time t [61]. Since the distribution of the error terms is known to be Gaussian, an
analytical calculation of the conditional expectation is possible. The analytical form of
the Kalman �lter is given by the following theorem.

Theorem 3.3 Kalman �lter
For the linear state space model with external input (Def. 3.6) with initial conditions
x0

0 = µ0 and P 0
0 = Σ0 and given data {y(1), . . . ,y(N)} and inputs {u(1), . . . ,u(N)}

the following equations hold for t = 1, . . . , N

xt−1
t = Axt−1

t−1 + Ψu(t) (3.38)

P t−1
t = AP t−1

t−1A
T + Σ (3.39)

xtt = xt−1
t +Kt(y(t)− Cxt−1

t ) (3.40)

P tt = (Idx −KtC)P t−1
t (3.41)

where
Kt = P t−1

t CT (CP t−1
t CT +R)−1 (3.42)

denotes the Kalman gain.

Proof. The proof is given in Section A.1 in the appendix.
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The Kalman �lter employs a predictor-corrector scheme. Based on the conditional
expectation at time t − 1, the conditional expectation at time t is predicted. This
prediction is then corrected using the information from the data at time t. The Kalman
�lter uses data up to the current instant of time. Therefore, it is suitable for on-line data
processing. In the case of fMRI, the data are usually analyzed after the measurement.
Therefore, the Kalman smoother can be used to calculate the conditional expectation
xNt given all available data. An analytical form of the Kalman smoother is given by the
following theorem.

Theorem 3.4 Kalman smoother
Given the results from Theorem 3.3 the following equations hold for t = N,N −1, . . . , 1

xNt−1 = xt−1
t−1 + Jt−1(xNt − xt−1

t ) (3.43)

PNt−1 = P t−1
t−1 + Jt−1(PNt − P t−1

t )JTt−1 (3.44)

where
Jt−1 = P t−1

t−1A
T (P t−1

t )−1. (3.45)

Proof. The proof is given in Section A.1 in the appendix.

For the maximum likelihood parameter estimation below, the lag-one covariance PNt,t−1

is needed. It can be calculated by the following equations.

Theorem 3.5 Lag-one covariance smoother
For the linear state space model given in De�nition 3.6 with the results from Theorems
3.3 and 3.4 it is

PNN,N−1 = (Idx −KNC)APN−1
N−1 (3.46)

and for t = N,N − 1, . . . , 2

PNt−1,t−2 = P t−1
t−1 J

T
t−2 + Jt−1(PNt,t−1 −AP t−1

t−1 )JTt−2 (3.47)

Proof. The proof is given in [61] Property P6.3.

3.3.2. Maximum likelihood parameter estimation

The estimation of the dPC requires estimates of the parameter matrix A and the co-
variance matrix Σ. Furthermore, the covariance matrix R of the measurement noise
must be estimated to specify the linear state space model. For the use of the Kalman
�lter additional initial estimates µ0 and Σ0 of the expectation x0

0 and covariance P 0
0 ,

respectively, are needed. The parameter estimation can be accomplished by maximum
likelihood estimation.

Remark 3.3
Skipping an additive constant, the log-likelihood of the data given the parameters Θ =
{A,Σ, R, µ0,Σ0} is given by

lnLyN (Θ) = −1

2

( N∑
t=1

ln det(Qt(Θ)) +

N∑
t=1

wt(Θ)TQt(Θ)−1wt(Θ)
)

(3.48)

where wt(Θ) are realizations of the innovations

W(t) = Y(t)− E(Y(t)|yt−1) = Y(t)− Cxt−1
t (3.49)

and Qt(Θ) is the covariance matrix of the innovations, i. e.,

Qt := V ar(W(t)|yt−1) = V ar(C(X(t)− xt−1
t ) + ξ(t)|yt−1) = CP t−1

t CT +R. (3.50)
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Note that xt−1
t and P t−1

t depend on Θ. The log-likelihood is a quadratic function
with respect to the innovations. However, it is highly nonlinear with respect to the
parameters Θ. Therefore, an analytic maximization of the likelihood is not possible.
It may be maximized numerically by quasi Newton methods for instance. Another
possibility is the use of an Expectation-Maximization (EM) algorithm [16, 61]. For the
speci�cation of the EM algorithm, the joint likelihood of the data and the states is
needed.

Remark 3.4
The joint log-likelihood of the data y(1), . . . ,y(N) and the states
x(0), . . . ,x(N) is given by

lnLxN ,yN (Θ) = −1

2
{ln det(Σ0) + (x(0)− µ0)TΣ−1

0 (x(0)− µ0)

+N ln det(Σ)

+
N∑
t=1

(x(t)−Ax(t− 1)−Ψu(t))TΣ−1(x(t)−Ax(t− 1)−Ψu(t))

+N ln det(R) +
N∑
t=1

(y(t)− Cx(t))TR−1(y(t)− Cx(t))}.

(3.51)

An additive constant is skipped in the equation above.

The Expectation-Maximization algorithm can then be speci�ed as follows.

Algorithm 3.1 EM algorithm for linear state space models
The Expectation-Maximization (EM) algorithm for linear state space models is an itera-
tive procedure for the estimation of model parameters. Starting with initial parameters
Θ(0), the expectation step in the j-th iteration consists of the calculation of

Q(Θ|Θ(j−1)) = E(−2 lnLXN ,yN
(Θ)|yN ,Θ(j−1)). (3.52)

In the maximization step, new parameter estimates are obtained by maximizing the
expected likelihood

Θ(j) = argmaxΘ(Q(Θ|Θ(j−1))). (3.53)

The expectation and maximization steps of the Algorithm 3.1 can be calculated ana-
lytically. They are given by the following equations.

Theorem 3.6 Analytical form of the EM algorithm
The analytical form of the expectation step in Algorithm 3.1 is given by

Q(Θ|Θ(j−1)) = ln det(Σ0) + trace{Σ−1
0 [PN0 + (xN0 − µ0)(xN0 − µ0)T ]}

+N ln det(Σ)

+ trace{Σ−1[S11 − S10A
T −AST10 +AS00A

T ]}
+ trace{Σ−1[−T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A

T + ΨTuuΨT ]}
+N ln det(R)

+ trace{R−1
N∑
t=1

[(y(t)− CxNt )(y(t)− CxNt )T + CPNt C
T ]}

(3.54)
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where

S11 =
N∑
t=1

(xNt (xNt )T + PNt ) (3.55)

S10 =
N∑
t=1

(xNt (xNt−1)T + PNt,t−1) (3.56)

S00 =
N∑
t=1

(xNt−1(xNt−1)T + PNt−1) (3.57)

T11 =
N∑
t=1

xNt (u(t))T (3.58)

T01 =
N∑
t=1

xNt−1(u(t))T (3.59)

Tuu =
N∑
t=1

u(t)(u(t))T . (3.60)

Here, the conditional expectations and covariances are calculated given the parameters
Θ(j−1) from the previous iteration. The parameter updates in the maximization step
are given by

(
A(j) Ψ(j)

)
=
(
S10 T11

)(S00 T01

T T01 Tuu

)−1

(3.61)

Σ(j) =
1

N
(S11 − S10A

T −AST10 +AS00A
T

− T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A
T + ΨTuuΨT )

(3.62)

R(j) =
1

N

N∑
t=1

[(y(t)− CxNt )(y(t)− CxNt )T + CPNt C
T ] (3.63)

µ
(j)
0 = xN0 . (3.64)

Proof. The proof is given in Section A.2 in the appendix.

Note that the initial expectation and covariance cannot be estimated simultaneously
[61]. Therefore, the initial covariance matrix is �xed. For the rest of this thesis, the
covariance matrix R of the measurement noise is assumed to be diagonal, representing
uncorrelated observation noise. This reduces the number of parameters.
Using the maximum likelihood parameter estimates above, the dPC can be estimated
by the estimator from De�nition 3.4, with the estimators Â and Σ̂ of the VAR process
replaced by their equivalents from the linear state space model. For a calculation of the
signi�cance level, the distribution of the resulting dPC estimates is needed. Similar as
in the case of the VAR process, the asymptotic distribution of the parameters is used
as follows.

Remark 3.5
The maximum likelihood estimates Θ̂ are asymptotically Gaussian distributed according
to √

N(Θ̂−Θ)
d−→ N (0, I(Θ)−1), (3.65)
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where I(Θ) is the information matrix consisting of entries

(I(Θ))ij = E(−
∂2 lnLyN (Θ)

∂Θi∂Θj
). (3.66)

Thus, the variance of the ML estimates can be estimated by numerical evaluation of
the information matrix. The resulting approximate α signi�cance level for the absolute
value of the estimated dPC (|π̂ij(u)|) is given by

Φ−1(1− α
2 )

√
1
N
V̂ AR(Âij)

Σ̂iiτ̂ij(u)
, u > 0

Φ−1(1− α
2 )

√
1
N
V̂ AR(Σ̂ij)

Σ̂iiΣ̂jj
, u = 0.

(3.67)

3.3.3. Application to fMRI data

The state space model from Remark 3.2 can be used to model the interaction structure
in fMRI data. In the presence of stimuli, the model may be extended to incorporate
�xed inputs. The directed partial correlation (dPC) can then be estimated based on
the maximum likelihood parameter estimates.
A simulation study in [20] shows that the dPC estimates in the presence of measurement
noise are closer to the correct values for the linear state space model compared to the
estimation based on a VAR(p) model. This result is due to the explicit modeling of
measurement noise in the state space model.
Another challenge described in Section 3.2.2 concerns the slice-timing problem. So far,
it was assumed that the measurements of di�erent components of the state space model
are observed at the same instants of time. This is not true for fMRI data. One idea
for a solution to this problem is to increase the modeled sampling rate. If the sampling
rate is doubled, for instance, there would be two modeled samples per fMRI repetition
time. The observed data can then be assigned to the sample time that is closer to the
true observation time. The second sample represents missing data. By increasing the
sampling rate in the model, the timing error decreases.
A challenge of this approach is the arti�cial introduction of missing data. Therefore, the
Kalman �lter and the maximum likelihood estimation must be extended to the missing
data case.

Remark 3.6 Kalman �lter and parameter estimation with missing observa-
tions
Let It = {i ∈ {1, . . . , dy}|yi(t) is missing} be the index set of missing observations at
time t. By setting

ỹi(t) =

{
0 , i ∈ It
yi(t) , else

and C̃i· =

{
0 , i ∈ It
Ci· , else

,

the Kalman �lter and smoother equations as well as the covariance smoother equations
stay the same as in the case without missing data [61]. This implies that the corrector
step in the Kalman �lter (equation (3.40)) is performed for observed components only.
Note that the observation matrix C̃ is time dependent.
Using the missing data Kalman �lter, Kalman smoother and covariance smoother, the

maximum likelihood estimates of A(j),Ψ(j),Σ(j) and µ
(j)
0 for the missing data case are

given by (3.61), (3.62) and (3.64). The maximum likelihood estimate of R(j) for the
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missing data case is given by [61]

R(j) =
1

N

N∑
t=1

[(ỹ(t)− C̃xNt )(ỹ(t)− C̃xNt )T + C̃PNt C̃
T +R

(j−1)
It

], (3.68)

where

(R
(j−1)
It

)ii =

{
(R(j−1))ii , i ∈ It
0 , else

.

Thus, for missing observations the variance of the observation error is set to the previous
estimate. The o�-diagonal entries of R(j) are set to zero due to the assumption of
uncorrelated observation noise.

For the application of the state space model with missing observations to fMRI data
as described above, an other problem remains. For the identi�cation of the parameter
matrix A, the covariances at all time lags are needed [72]. The periodic observation
pattern introduced by the fast sampling approach allows the calculation of speci�c
covariances only. For instance, the covariance of one component with itself at time lag
1 can not be calculated since every observed value is followed by a missing value. In
[72], some examples are given where additional local or global maxima of the likelihood
occur in the case of periodically missing data. It may also happen that there is no global
maximum of the likelihood at the true parameter values [72].
One possibility to solve this problem may be to randomize the order of slice acquisition.
With this modi�cation, all covariances can be estimated in the case of in�nite data.
This idea has been developed during the present thesis. It has to be tested in future
studies to investigate the performance in the �nite data case.

3.3.4. Application to EEG data

It is also possible to estimate e�ective connectivities based on EEG data. The direct
application of the dPC to the EEG data is possible. However, the result would repre-
sent estimates of the connectivity between di�erent electrodes and not the connectivity
between di�erent brain regions. A solution to this problem would be a two step pro-
cedure. In the �rst step, a beamformer algorithm may be used to estimate the net
primary currents at the regions of interest. The result is then used in a second step
to estimate e�ective connectivities using the dPC. It is possible to use the dPC with a
vector autoregressive model or with a state space model. In the case of the state space
model, the noise term in the observation equation does not model measurement noise,
because the procedure operates on the �ltered data. Therefore, the usual VAR model
may be preferable.
An alternative approach is the use of a speci�c linear state space model in a one step
procedure. In this case, the state equation models the dynamic of the net primary cur-
rents in the brain regions. The observation equation consists of a multiplication with
the lead �eld matrix to link the net primary currents to the EEG data [13, 14] (see Fig.
3.5).

Remark 3.7 Linear state space model for EEG data
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Fig. 3.5.: Schematic visualization of the EEG state space model. Each circle represents a sam-
pling point. The gray background represents the neural activity, which is not observed.
The dynamic of the net primary currents is modeled by a vector autoregressive model.
The relation to the EEG signal is achieved by a multiplication with the lead �eld
matrix.

The linear state space model for the one step procedure above is given by


X(t)

X(t− 1)
...

X(t− p+ 1)

 =


A(1) A(2) . . . A(p)
Idx 0dx . . . 0dx
...

. . . . . .
...

0dx 0dx . . . Idx




X(t− 1)
X(t− 2)

...
X(t− p)

+


ε(t)
0
...
0

 (3.69)

Y(t) =
(
K(r) 0dy,x . . . 0dy,x

)


X(t)
X(t− 1)

...
X(t− p+ 1)

+ ξ(t), (3.70)

where 0dy,x is a matrix of size dy × dx with all entries equal to zero. The matrix K(r)
is the lead �eld matrix. The random vector Y(t) models the EEG data at time t and
X(t) describes the net primary currents in the di�erent brain regions. Usually, the
dimensions dx and dy of X(t) and Y(t) are di�erent.

The one step procedure has the advantage that it models measurement noise explicitly.
In [14] the one step and the two step approaches are compared showing better results
for the one step procedure. The one step procedure may be extended to model a patch
of cortex at each region of interest instead of a single dipole [14].
The one step procedure assumes that the EEG signal is produced solely by sources
located in the regions of interest. In reality, there may be sources at other locations that
contribute to the EEG signal. The impact of not modeled sources on the performance
of the procedure is tested in Chapter 5. A further problem for the analysis based on
EEG data may be deep sources. The EEG signal of deep sources has lower amplitude
than that of sources close to the scalp. The performance of the one step procedure in
this case is also tested in Chapter 5. The temporal weaknesses of the application to
fMRI data in the previous chapters are not present for the application to EEG data.
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3.4. Summary

The estimation of e�ective connectivity based on fMRI data has been extensively stud-
ied [20, 23, 46, 47]. Two di�erent methods have been discussed in this chapter. Dynamic
causal modeling (DCM) relies on a bilinear deterministic, continuous model for the dy-
namic evolution of the neural activity in the regions of interest. The neural activity is
related to the BOLD signal via a hemodynamic model. The Bayesian approach used
for the estimation of parameters allows the incorporation of prior knowledge. However,
without prior knowledge, the estimation of connectivities fails.
The methods based on the directed partial correlation (dPC) model the connectivity
of brain regions by a vector autoregressive model or a linear state space model. They
estimate the connectivity directly based on the BOLD signal. Simulation results show a
good performance also for data that were simulated based on the DCM model. The low
sampling rate of the fMRI and the slice timing problem may introduce false positive
parameter estimates. A possibility to reduce the interpolation error due to the slice
timing was introduced. Its applicability has to be tested in future work. Additional
measurement noise in the data results in false negative estimates for the dPC based on
the VAR model. The explicit modeling of measurement noise in the linear state space
model depicts a solution to this problem.
The dPC can also be applied to EEG data. A two step procedure consisting of a beam-
former algorithm for the solution to the inverse problem and a subsequent estimation of
the dPC is possible. An alternative is a one step procedure based on a linear state space
model showing better results in a simulation study [14]. The comparably high temporal
resolution of the EEG depicts an advantage compared to fMRI data. On the other
hand, deep sources and additional, not modeled sources may a�ect the performance of
the methods. This will be investigated in Chapter 5.



4. Joining EEG and fMRI data for the

estimation of e�ective connectivity

�Success is the ability to go from one failure to another with no loss of enthusiasm.�
Winston Churchill (1874-1965)

In this chapter, a method is developed that joins EEG and fMRI data for the estimation
of e�ective connectivity. The method has been presented at the �International Biosignal
Processing Conference 2010� in Berlin by a talk and a conference article and at the
�International Summer School on Multimodal Approaches in Neuroscience� in Leipzig
in form of a poster. In the �rst part of this chapter, a model for the combination of EEG
and fMRI data is developed. The second part of the chapter concerns the estimation of
model parameters.

4.1. Joint EEG/fMRI state space model

The general idea of the approach developed in this chapter is to estimate e�ective
connectivities based on neural activity and to relate the neural activity to EEG and
fMRI data via the EEG forward model and the hemodynamic model, respectively (Fig.
4.1). A straight forward formulation of this idea results in the nonlinear state space
model

Z(t) = AZ(t− 1) + ε(t) (4.1)

YEEG(t) = GEEG(Z(t)) + ξEEG (4.2)

YfMRI(t) = GfMRI(Z(t)) + ξfMRI, (4.3)

where Z describes the neural activity, Y describes the EEG or fMRI data, according to
the superscript, G is a possibly nonlinear function describing the EEG forward model
or the hemodynamic model and ε and ξ are Gaussian distributed error terms. The
matrix A describes the connectivities. The state equation can be extended to a vector
autoregressive model of order p (cf. Remark 3.2).
The hemodynamic model relating neural activity to the fMRI data (cf. Remark 2.1)
involves additional variables, namely the cerebral blood �ow f , the cerebral blood vol-
ume v and the deoxyhemoglobin content q. These variables can also be incorporated in
the state space model, de�ning additional state variables.

Remark 4.1 General form of the EEG/fMRI state space model
A general form of the EEG/fMRI state space model is given by

X(t) = F (X(t− 1),U(t),Θ) + ε(t) (4.4)

YEEG(t) = GEEG(X(t)) + ξEEG (4.5)

YfMRI(t) = GfMRI(X(t)) + ξfMRI, (4.6)
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where X(t) =


Z(t)
f(t)
v(t)
q(t)

 describes the neural activity, cerebral blood �ow, cerebral blood

volume and deoxyhemoglobin content, U(t) denotes �xed inputs and Θ are the pa-
rameters. The nonlinear function F describes the dynamic of the state variables. The
dynamic of the neural activity can be modeled by a vector autoregressive process. The
dynamic of the other state variables is given by the di�erential equations in Remark
2.1.

An assumption of this model is that the EEG and fMRI signals are related to the neural
activity. As discussed in Chapter 2, the fMRI signal is related to the neural activity by
a hemodynamic model. However it is not known so far, which aspect of neural activity
drives the hemodynamic response. The term �neural activity� describes an abstract
quantity which is supposed to be a nonnegative scalar. The sources of the EEG, in
contrast, are known to be the net primary currents (cf. Section 2.1.1). The net primary
currents have a direction in three dimensional space. Thus, it is rather unrealistic to
model a linear relationship between the net primary currents and the abstract term
�neural activity� that is used in the hemodynamic model. There is some evidence that
the orientation of the net primary currents is perpendicular to the surface of the cortex
[6]. However, the possibility of positive and negative net primary currents still exists
since the synaptic connection of neurons may be excitatory or inhibitory, i. e., the stim-
ulus of one cell to another may result in an increase or a decrease of the postsynaptic
membrane potential.
A more realistic model would involve a linear relationship between the absolute net
primary current and the abstract term �neural activity�. Following this approach, the
question arises, based on which quantity the connectivity should be modeled, i. e., the
dynamic of which quantity should be described by a VAR process. On one hand, this
question is related to the interpretation of the results. On the other hand, it has impli-
cations for the modeling.
When the net primary currents are modeled by a VAR process, it is straightforward to
develop a forward model, equating the abstract term �neural activity� to the absolute
value of the net primary current. A disadvantage is that the inverse problem resulting
from this model is ill-posed. This is because the mapping x→ |x| is not injective.
Modeling the abstract term �neural activity� by a VAR process requires the speci�cation
of a forward model relating this quantity to the net primary currents. Hence, a model
is required that relates the absolute value of a quantity to the quantity itself. This is
not uniquely possible without additional information. One possibility to deal with this
challenge would be the incorporation of an additional state variable. For instance, the
net primary current may be modeled as an oscillating quantity described by its phase
and amplitude. The amplitude can be modeled to be linearly related to the abstract
term �neural activity�, whereas the phase can be described by an additional state equa-
tion. This may be a reasonable model. However, the detailed relationship between the
net primary currents and the quantity driving the hemodynamic response is still under
investigation.
In [44], simultaneous measured intracortical recordings of neural electrical activity and
BOLD-fMRI responses show, that the BOLD signal is positively correlated to the spec-
tral power of the electrical signal in the range from 40 to 130 Hz convolved with a
hemodynamic response function. The electrical signal in this frequency range is asso-
ciated with the input and the processing in the neuron [44]. The spiking output of
neurons is associated with higher frequencies. This result suggests a linear relationship
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between the spectral power of the net primary currents at a speci�c frequency and the
quantity driving hemodynamics.
In [37], a heuristic is developed relating EEG signals to fMRI signals. This heuristic
suggests that an increase in the BOLD signal is associated with a shift in the spectral
distribution of the EEG signal from lower to higher frequencies. However, the authors
also state, that there are some experimental observations which cannot be explained by
their heuristic, e.g. a �positive correlation of the BOLD signal with alpha oscillations in
the thalamus� [37]. Alpha oscillations are rather slow oscillations. The heuristic in [37]
predicts a negative correlation of the BOLD signal with alpha oscillations and a positive
correlation with higher frequencies. A recent study [62] even suggests that changes in
the hemodynamics do not only depend on changes in neural activity, but partly have
some other, unknown, causes.
In summary, the detailed relationship between the net primary currents and the quan-
tity that drives the hemodynamics is still under investigation. It goes beyond the scope
of this thesis to investigate this relationship for a realistic modeling. The aim of this
thesis is to investigate whether it is possible to combine the advantages of EEG and
fMRI data in terms of spatial and temporal resolution for the estimation of e�ective
connectivity.
For this purpose, a linear relationship between the net primary currents and the quan-
tity driving the hemodynamic response is assumed. The reason for this assumption is
its simplicity and mathematical tractability. The information whether the simpli�ed
model is able to combine the strengths of both modalities is an important information
for the development of more realistic models. Note that the spatial and temporal char-
acteristics of EEG and fMRI data as described in Chapter 2 are already contained in
the EEG forward model and the hemodynamic model. Therefore, the simpli�ed model
can be used to investigate the gain of a combination of both modalities.
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Fig. 4.1.: Simpli�ed scheme of the EEG/fMRI state space model. Each circle represents a sam-
pling point. The sampling rates of EEG and fMRI are di�erent, resulting in missing
values for the fMRI. The gray background represents the neural activity, which is not
observed. The dynamic of neural activity is modeled by a vector autoregressive pro-
cess. The link from neural activity to the fMRI signal is achieved by a hemodynamic
model. The relation to the EEG signal is given by the EEG forward model.
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Remark 4.2 EEG/fMRI state space model
The nonlinear state space model used for the combination of EEG and fMRI data is
given by

Z(t)
Z(t− 1)

...
Z(t− p+ 1)

f1(t)
f2(t)
v(t)
q(t)


=



A
(
Z(t− 1) Z(t− 2) . . . Z(t− p)

)T
+ ΨU(t)

Z(t− 1)
...

Z(t− p+ 1)
F1(Z(t− 1), f1(t− 1), f2(t− 1),v(t− 1),q(t− 1))
F2(Z(t− 1), f1(t− 1), f2(t− 1),v(t− 1),q(t− 1))
F3(Z(t− 1), f1(t− 1), f2(t− 1),v(t− 1),q(t− 1))
F4(Z(t− 1), f1(t− 1), f2(t− 1),v(t− 1),q(t− 1))


+



ε(t)
0
...
0
0
0
0
0


(4.7)(

YEEG(t)
YfMRI(t)

)
=

(
K(r)Z(t)

V0(a1(v(t)− 1) + a2(q(t)− 1))

)
+

(
ξEEG(t)
ξfMRI(t)

)
, (4.8)

where F =
(
F1 F2 F3 F4

)T
is the solution of the following system of di�erential

equations 
ḟ1

ḟ2

v̇
q̇

 =


f2

κ(Z(t− 1) + z0)− κsf2 − κf (f1 − 1)
1
τ (f1 − v

1
α )

1
τ

(
f1

1−(1−E0)
1
f1

E0
− v

1
α

q
v

)
 (4.9)

with initial conditions 
f0
1

f0
2

v0

q0

 =


f1(t− 1)
f2(t− 1)
v(t− 1)
q(t− 1)

 (4.10)

at time ∆t. Here, ∆t denotes the step size in the discrete model above. The values of the
constants z0, κ, κs, κf , τ, α, E0, V0, a1 and a2 are given in Tab. 4.1. The value of z0 is
chosen heuristically to make the probability that the quantity driving the hemodynamic
response is negative suitably small. A negative value of this quantity may cause a
negative cerebral blood �ow and a negative cerebral blood volume. A negative cerebral
blood volume in turn results in complex values for the cerebral blood volume and the
deoxyhemoglobin content due to the exponent 1

α with α = 0.4. The variables f1,v,q,
and YfMRI are normalized to baseline and therefore dimensionless. The variable f2

has the dimension s−1, being the derivative of f1. The variable Z is also modeled
dimensionless since it models the net primary current and the quantity driving the
hemodynamic response at the same time. Since the quantity driving the hemodynamic
response is probably no electric current, it is meaningless to assign any dimension to the
variable. Consequently, the lead �eld matrix K(r) has dimension V (Volts) to arrive

at the dimension of the EEG data. The error terms ε(t) and

(
ξEEG(t)
ξfMRI(t)

)
are Gaussian

distributed with zero mean and covariance matrix Σ and R, respectively. The covariance
matrix R is diagonal.

The sampling rate of the EEG is considerably higher than that of the fMRI. The sam-
pling rate in the model can be chosen in a �exible way. Usually, the sampling rate is
lower or equal to the sampling rate of the EEG, resulting in a potential down sampling
of the EEG signal. On the other hand, the sampling rate of the model is usually higher
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Parameter name Parameter value Parameter name Parameter value

z0 3 α 0.4
κ 3s−2 E0 0.4
κs 0.65s−1 V0 0.03
κf 0.4s−2 a1 1
τ 1s a2 −4.8

Tab. 4.1.: Parameter values of the model from Remark 4.2. The values are taken from [17].

than that of the fMRI. This results in missing values for the fMRI observations and
lower timing errors due to the slice timing problem. For the simulations in this thesis,
a sampling rate of 20 Hz is chosen, i. e., it is ∆t = 0.05s.

4.2. Parameter estimation

The estimation of model parameters can be performed by an expectation-maximization
(EM) algorithm similar as described in Section 3.3. Thus, the conditional expectation,
variance and lag-one covariance of the state variables is needed. For the linear state
space model, the conditional expectation given the data was calculated by the Kalman
�lter and smoother. For nonlinear state space models, the Kalman �lter and smoother
equations are not valid.

4.2.1. Nonlinear �ltering

Remark 4.3 General nonlinear �lter
The aim of the �lter equations is to calculate the conditional expectation given the data
up to the current time

xtt = E(X(t)|yt) =

∫
x(t)p(x(t)|yt)dx(t), (4.11)

where p(x(t)|yt) is the conditional probability density of x(t) given yt. Applying Bayes
rule, the conditional probability density can be calculated recursively by

p(x(t)|yt−1) =

∫
p(x(t)|x(t− 1))p(x(t− 1)|yt−1)dx(t− 1) (4.12)

p(x(t)|yt) =
p(y(t)|x(t))p(x(t)|yt−1)∫

p(y(t)|x(t))p(x(t)|yt−1)dx(t)
. (4.13)

The conditional densities p(x(t)|x(t− 1)) and p(y(t)|x(t)) can be calculated using the
state and observation equations of the state space model, respectively.

The noise terms in the state space model are assumed to be Gaussian distributed.
This results in a Gaussian distribution of the state variables for the linear state space
model. For the nonlinear state space model, the state variables are in general not
Gaussian distributed. The distribution has no general form. Therefore, the integrals in
Remark 4.3 are not tractable [70]. The solution has to be approximated. One possible
nonparametric approximation is based on particle �lters. A particle �lter approximates
the conditional densities by a �nite number of samples (particles) and corresponding
weights. With increasing number of particles, the approximation becomes better [4].
A disadvantage of particle �lters is the high computational demand. Furthermore, the
maximum likelihood parameter estimation is complicated for the nonparametric case.
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An alternative to the nonparametric approximation is a Gaussian approximation, i. e.,
an approximation of the true conditional distributions by Gaussian distributions. In
this case, it su�ces to calculate the expectation and the variance, since the Gaussian
distribution is parameterized by its �rst two moments.

Theorem 4.1
The Gaussian approximation to the general nonlinear �lter is given by

xt−1
t = E(F (X(t− 1),u(t),Θ)|yt−1) (4.14)

P t−1
t = V ar(F (X(t− 1),u(t),Θ) + ε(t)|yt−1) (4.15)

xtt = xt−1
t + Pxt|t−1,yt|t−1

P−1
yt|t−1

(y(t)− E(G(X(t))|yt−1)) (4.16)

P tt = P t−1
t − Pxt|t−1,yt|t−1

P−1
yt|t−1

P Txt|t−1,yt|t−1
, (4.17)

where Pxt|t−1,yt|t−1
is the covariance between X(t)|yt−1 and Y(t)|yt−1 and Pyt|t−1

is the
variance of Y(t)|yt−1.

Proof. The �rst two equations follow directly from the de�nition of xt−1
t , P t−1

t and the
state equation. De�ning the innovations

W(t) = Y(t)− E(Y(t)|yt−1) = Y(t)− E(G(X(t))|yt−1), (4.18)

and noting that the joint distribution of X(t)|yt−1 and W(t)|yt−1 is given by

(
X(t)
W(t)

)
|yt−1 ∼ N

((xt−1
t

0

)
,

(
P t−1
t Pxt|t−1,yt|t−1

P Txt|t−1,yt|t−1
Pyt|t−1

))
, (4.19)

equations (4.16) and (4.17) follow directly from Lemma A.1.

The equations for the Gaussian approximation involve the calculation of expectations
and variances of nonlinear transformed Gaussian random variables, e. g. E(F (X(t −
1),U(t),Θ)|yt−1). An approximation to these expressions can be developed using Taylor
series.

Remark 4.4
Let X be a scalar Gaussian random variable with mean x and variance Pxx. Consider
the problem of calculating the expectation y and variance Pyy of the random variable
Y = F (X) as well as the covariance Pxy of the variables X and Y . The Taylor series
expansion of F around x is given by

F (X) = F (x+ δx) = F (x) +
dF (x)

dx
δx+

1

2

d2F (x)

dx2
(δx)2 +

1

3!

d3F (x)

dx3
(δx)3

+
1

4!

d4F (x)

dx4
(δx)4 + . . . ,

(4.20)

where δx is a Gaussian random variable with zero mean and variance Pxx. By the
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linearity of the expectation and the symmetry of the Gaussian distribution it follows

y = E(F (X)) = F (x) +
1

2

d2F (x)

dx2
Pxx +

1

4!

d4F (x)

dx4
E((δx)4) + . . . (4.21)

Pyy = E((Y − y)2) = E([
dF (x)

dx
δx+

1

2

d2F (x)

dx2
(δx)2 +

1

3!

d3F (x)

dx3
(δx)3

+
1

4!

d4F (x)

dx4
(δx)4 + · · · − (

1

2

d2F (x)

dx2
Pxx +

1

4!

d4F (x)

dx4
E((δx)4) + . . . )]2)

= [
dF (x)

dx
]2Pxx +

2

3!

dF (x)

dx

d3F (x)

dx3
E((δx)4)

+
1

2 · 2!
[
d2F (x)

dx2
]2[E((δx)4)− P 2

xx] + . . .

(4.22)

Pxy = E((X − x)(Y − y)) = E(δx(
dF (x)

dx
δx+

1

2

d2F (x)

dx2
(δx)2 +

1

3!

d3F (x)

dx3
(δx)3

+
1

4!

d4F (x)

dx4
(δx)4 + · · · − [

1

2

d2F (x)

dx2
Pxx +

1

4!

d4F (x)

dx4
E((δx)4) + . . . )]))

=
dF (x)

dx
Pxx +

1

3!

d3F (x)

dx3
E((δx)4).

(4.23)

Similar equations hold for the case of random vectors, but the notation complicates.

Approximating the nonlinear functions in Theorem 4.1 by its �rst order Taylor series
results in the Extended Kalman �lter.

Remark 4.5 Extended Kalman �lter
The extended Kalman �lter equations are given by

xt−1
t = F (xt−1

t−1,u(t),Θ) (4.24)

P t−1
t = ∇F (xt−1

t−1,u(t),Θ)P t−1
t−1 (∇F (xt−1

t−1,u(t),Θ))T + Σ (4.25)

xtt = xt−1
t +Kt(y(t)−G(xt−1

t )) (4.26)

P tt = P t−1
t −Kt∇G(xt−1

t )P t−1
t , (4.27)

where
Kt = P t−1

t ∇(G(xt−1
t ))T [∇G(xt−1

t )P t−1
t (∇G(xt−1

t ))T +R]−1 (4.28)

is the Kalman gain and ∇F and ∇G denote the Jacobian matrix of F and G.

Applications of the Extended Kalman �lter show suboptimal behavior, introducing large
errors in the conditional expectation and variance [34, 73]. A better approximation can
be established by a second order Taylor approximation. This requires the calculation
of the Hessian matrix. A numerical evaluation of the Hessian matrix results in high
computational costs of O(n2) function evaluations.
An alternative approximation based on a deterministic sampling approach, called �Un-
scented transform�, was suggested by [33]. The general idea of this approach is to
choose a set of 2n + 1 points Xi, i = 1, . . . , 2n + 1, called sigma points, so that their
sample mean and covariance equal the expectation and covariance of X. The nonlin-
ear function F is evaluated at the sigma points resulting in transformed sigma points
Yi = F (Xi). The expectation and variance of the random variable Y = F (X) is then
approximated by a weighted sample mean and variance of the transformed sigma points.

Remark 4.6
The sigma points and corresponding weights for the Unscented transform are chosen
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according to

X0 = x (4.29)

Xi = x + (
√

(n+ λ)Pxx)i, i = 1, . . . , n (4.30)

Xi = x− (
√

(n+ λ)Pxx)i−n, i = n+ 1, . . . , 2n (4.31)

W0 =
λ

n+ λ
(4.32)

Wi =
1

2(n+ λ)
, i = 1, . . . , 2n, (4.33)

where (
√

(n+ λ)Pxx)i is the i-th column of any matrix square root of (n + λ)Pxx[34].
In this thesis, the Cholesky decomposition will be used to calculate matrix square roots.
The parameter λ ∈ R a�ects the fourth and higher order moments of the set of sigma
points. It is usually set to 0 or to 3− n. The former case reduces the number of sigma
points to 2n, the latter case has some nice properties concerning the kurtosis [33]. The
mean y and variance Pyy of Y as well as the covariance Pxy of X and Y can then be
approximated by

y =
2n∑
i=0

WiYi (4.34)

Pyy =

2n∑
i=0

Wi(Yi − y)(Yi − y)T (4.35)

Pxy =
2n∑
i=0

Wi(Xi − x)(Yi − y)T . (4.36)

The approximations are precise up to the second order [33, 34]. The number of function
evaluations grows with O(n) in contrast to the second order Taylor approximation
involving the computation of the Hessian.

Using the Unscented transform for the approximation of the expectations and covari-
ances in Theorem 4.1 results in the Unscented Kalman �lter (UKF). For the approxima-
tion of the variances and the covariances, the e�ect of the noise terms must be taken into
account. This can be achieved by applying the Unscented transform to the na = n+nε

dimensional augmented state vector Xa(t − 1) =

(
X(t− 1)
ε(t)

)
with corresponding co-

variance matrix P t−1,a
t−1 =

(
P t−1
t−1 0
0 Σ

)
. Here, nε is the length of the random vector ε.

A numerically stable and computationally e�cient form of the UKF is given by the
square root Unscented Kalman �lter [69]. Furthermore, it is possible to constrain the
sigma points to a physically realistic domain. In the case of the model in Remark 4.2,
values of the cerebral blood �ow f , cerebral blood volume v and deoxyhemoglobin con-
tent q are restricted to be positive. All sigma points lying outside the valid domain are
projected onto the valid domain. The resulting constraint UKF shows further improve-
ments in the performance compared to the unconstrained UKF [35, 39]. Missing values
are incorporated in the UKF by setting the innovations of the missing components
to zero. The resulting constrained square root Unscented Kalman �lter with missing
observation is summarized in the following.



CHAPTER 4. JOINING EEG AND FMRI DATA FOR THE ESTIMATION OF
EFFECTIVE CONNECTIVITY 39

Algorithm 4.1 Constrained square root UKF with missing observations

Initialization

x0
0 = E(X(0)), S0

0 = chol{V ar(X(0))}, SR = chol{R}, SΣ = chol{Σ}

x0,a
0 = E(Xa(0)), S0,a

0 =

(
S0

0 0
0 SΣ

)
, W a =

(
λ

na+λ
1

2(na+λ)11×2na

)T
For t = 1, . . . , N :

Predictor step

X t−1,a
t−1 =

(
X t−1
t−1

X t−1,ε
t−1

)
=
(
xt−1,a
t−1 xt−1,a

t−1 +
√
na + λSt−1,a

t−1 xt−1,a
t−1 −

√
na + λSt−1,a

t−1

)
(4.37)

(X t−1,a
t−1 )i = ProjD{(X t−1,a

t−1 )i} (4.38)

(X t−1,a
t )i = F ((X t−1

t−1 )i, u(t),Θ) + (X t−1,ε
t )i (4.39)

xt−1
t = X t−1,a

t W a (4.40)

St−1,a
t = qr{diag{W a}(X t−1,a

t − xt−1
t )T }T (4.41)

P t−1
t,t−1 =

2n∑
i=0

W a
i ((X t−1,a

t )i − xt−1
t )((X t−1,a

t−1 )i − xt−1
t−1)T (4.42)

Corrector step

(Yt−1,a
t )i = G((X t−1,a

t )i) (4.43)

yt−1
t = Yt−1,a

t W a (4.44)

St−1
yt = qr{

(
diag{W a}(Yt−1,a

t − yt−1
t )T

STR

)
}T (4.45)

Pxt|t−1,yt|t−1
=

2na∑
i=0

W a
i ((X t−1,a

t )i − xt−1
t )((Yt−1,a

t )i − yt−1
t )T (4.46)

Kt = (Pxt|t−1,yt|t−1
/(St−1

yt )T )/St−1
yt (4.47)

innovi =

{
0, i ∈ It
yi(t)− (yt−1

t )i, else
(4.48)

xtt = xt−1
t +Kt innov (4.49)

M = KtS
t−1
yt (4.50)

Stt = cholupdate{St−1
t ,Mi,−} (4.51)

The operator L = chol{B} calculates the lower triangular Cholesky factor, such that
LLT = B. The term cholupdate{L, x,−} results in the lower Cholesky factor of LLT −
xxT . For a vector x, diag{x} is a diagonal matrix with the elements of x on the diagonal.
The QR-decomposition is described by the operator S = qr{B} resulting in an upper

triangular matrix S such that B = Q

(
S
0

)
, where Q is an orthogonal matrix. When

B ∈ Rn×m, n > m is of full rank m, the matrix S equals the upper triangular Cholesky
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factor of BTB. The constraints are implemented through the operator ProjD, which
projects the sigma points onto the domain D. The term A/B is an e�cient form of AB−1

as implemented in MATLAB (MATLAB version 7.9 (R2009b) Natick, Massachusetts:
The MathWorks Inc, 2009). The set It = {i ∈ {1, . . . , dy}|yi(t) is missing} is the index
set of missing observations at time t.

4.2.2. Nonlinear smoothing

Due to the nonlinearity of the hemodynamic model, the linear Kalman smoother equa-
tions are not valid for the calculation of the conditional expectation and variance given
all data. Therefore, a nonlinear smoother is needed.

Remark 4.7 General nonlinear smoother
The conditional probability density of x(t) given yN can be calculated by [38]

p(x(t)|yN ) =

∫
p(x(t),x(t+ 1)|yN )dx(t+ 1)

=

∫
p(x(t+ 1)|yN )p(x(t)|x(t+ 1),yt)dx(t+ 1)

= p(x(t)|yt)
∫

p(x(t+ 1)|yN )p(x(t+ 1)|x(t))∫
p(x(t+ 1)|x(t))p(x(t)|yt)dx(t)

dx(t+ 1)

(4.52)

Similar as in the case of the nonlinear �lter, the general smoothing equations have
to be approximated in practice. One possibility is a Gaussian approximation. The
corresponding smoother equations are given by the following Theorem.

Theorem 4.2
The Gaussian approximation to the general nonlinear smoother is given by

xNt = xtt +Dt(x
N
t+1 − xtt+1) (4.53)

PNt = P tt +Dt(P
N
t+1 − P tt+1)DT

t (4.54)

Dt = P tt+1,t(P
t
t+1)−1 (4.55)

Proof. The proof is given in [59].

The quantities xtt, xtt+1, P
t
t , P

t
t+1 and P tt+1,t have already been calculated by the Un-

scented Kalman �lter. Therefore, the Unscented smoother consists of a straightforward
implementation of the equations from Theorem 4.2. Similarly, the lag-one covariance
smoother equations can be calculated.

Remark 4.8
The nonlinear lag-one covariance smoother can be approximated using the quantities
from the Unscented Kalman �lter by

PNt−1,t−2 = P t−1
t−1Dt−2 +Dt−1(PNt,t−1 − P tt,t−1)DT

t−2 (4.56)

with initialization

PNN,N−1 = PN−1
N,N−1 − PxN|N−1,yN|N−1

P−1
yN|N−1

PxN−1|N−1,yN|N−1
. (4.57)

4.2.3. Maximum likelihood parameter estimation

For nonlinear state space models it is also possible to calculate the maximum likelihood
parameter estimates by the EM algorithm (cf. Algorithm 3.1). However, for nonlinear
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models there is in general no analytical form of the EM algorithm. Therefore, the
maximization step of the EM algorithm has to be performed by numerical optimization
algorithms. This results in nested iterations and a high computational burden.
The state space model in Remark 4.2 has a particular structure, which can be exploited
for the maximum likelihood parameter estimation. The state equation for the neural
activity in Remark 4.2, involving the parameters A, Ψ, and Σ, is linear. For these
parameters the analytical maximization from Theorem 3.6 can be used. The observation
function in the model from Remark 4.2 is a�ne. Therefore, the maximization step for
the parameter matrix R can also be performed analytically. In the case of di�erent
forward models for EEG or fMRI the observation function may be non-a�ne. In this
case, the general parameter update is given by

R(j) = N−1
N∑
t=1

(V ar(y(t)− ŷ(t)) + (y(t)− ŷ(t))(y(t)− ŷ(t))T ), (4.58)

where ŷ(t) = E(G(X(t))|yN ). The proof follows from the proof of Theorem 3.6, by
replacing CX(t) by G(X(t)) in (A.40). For a nonlinear observation function G, the
terms E(G(X(t))|yN ) and V ar(y(t) − E(G(X(t))|yN )) can be approximated by the
Unscented transform.

4.3. Summary

The general idea of the framework developed in this chapter is to relate neural activity
to EEG and fMRI data for a joint estimation of e�ective connectivity. The approach
assumes that a common physiological basis of EEG and fMRI data exists and requires
the development of a physiological model relating EEG and fMRI data to neural activ-
ity. This thesis aims not at developing such a physiological model, but at investigating
the potential gain of the combination of EEG and fMRI data in terms of spatial and
temporal resolution, provided that such a model exists. For this investigation, a model
is chosen that shows realistic properties in terms of spatial and temporal resolution,
being mathematically tractable at the same time.
For the estimation of e�ective connectivity, a Gaussian assumption for the state distri-
bution is made. The conditional distribution of the states given the data is approxi-
mated by the Unscented Kalman �lter and a corresponding Unscented smoother. The
Unscented Kalman �lter makes use of a deterministic sampling approach for the approx-
imation of the expectation and variance of a nonlinearly transformed random variable.
The parameter estimates are calculated by a maximum likelihood approach. The maxi-
mization is performed by an Expectation-Maximization (EM) algorithm, which exploits
the partial linearity of the model.





5. Results

�If the human brain were so simple that we could understand it, we would be so simple
that we couldn't.�
Emerson M. Pugh - Quoted by George E. Pugh, The Biological Origin of Human Values
(1977), p. 154, Basic Books

In this chapter, the performance of the approach described in the previous chapter
is tested with simulations. It is of particular interest to examine whether the joint
EEG/fMRI approach is able to overcome the disadvantages of procedures that are based
on a single modality. The disadvantages of methods that use fMRI data only have been
described in Chapter 3. The disadvantages of the EEG state space model (cf. Remark
3.7) have not been examined so far. The investigation of possible disadvantages of the
EEG model is also an aim of this chapter.
The general strategy for the investigation of the performance is as follows. The �rst
simulation example investigates the performance of the EEG/fMRI approach in the case
of idealized data, i. e., assuming a high sampling rate of the fMRI and simulating point
like EEG sources that are distant from each other and close to the surface of the head.
The EEG forward model and the hemodynamic model are assumed to be correctly
speci�ed. Afterwards, di�erent challenges occurring in real data are introduced to test
which challenges are problematic for the method.

5.1. Idealized data

Data is simulated according to the model from Remark 4.2. The data consists of
2000 samples with a sampling rate of 20 Hz, resulting in 100 seconds of measurement.
This sampling rate is simulated for EEG and fMRI data. Furthermore, the simulation
assumes that the fMRI data is obtained at equal instants of time, i. e., the slice timing
problem occuring in real data is ignored. Five regions of interest are simulated as well
as 62 EEG channels. Two further channels are usually used for the Electrooculogram,
to detect eye movements, and for the Electrocardiogram, to detect heart beats. The
location of the EEG channels is schematically depicted in Fig. 5.2 b). The location
of the regions of interest is depicted in Fig. 5.1. The regions are located close to the
surface of the head and distant from each other. It is assumed that there is no electrical
activity in other regions of the brain.
The parameter matrix A is chosen as

A =

(
A(1) A(2)
I 0

)
, (5.1)

where

A(1) =


0.4 0 0 0 0
0 0.4 0 0 0

0.7 0.7 0.4 0 0
0 0.8 0 0.4 0
0 0 0 0.4 0.4

 A(2) =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0.4
0 0 0 0 0

 . (5.2)
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Fig. 5.1.: Location of the regions of interest. The �rst �ve graphics each show three orthogonal
slices passing through one region. The location of the region is indicated by a white
square. The last graphic shows the projections of all regions onto three orthogonal
slices. The slices do not correspond to a speci�c region. They are just for a better
guidance of the reader. The regions are distant from each other and close to the
surface of the head.
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This equals the VAR process from example 3.2. A visualization is given in Fig. 3.2. No
external input is simulated. The covariances of the error terms are set to

Σ = I5 R = diag(
(
10−7I1×62 10−5I1×5.

)
) (5.3)

This assumes equivalent noise terms for all EEG channels and equivalent noise terms for
the fMRI signal in the �ve regions. In contrast, the strengths of the biological signals at
di�erent EEG channels and in di�erent regions of interest varies. The empirical signal
to noise ratio can be calculated by

ŜNR =
V̂ ar(signal)

V̂ ar(noise)
=

∑N
t=1 (y(t)− ε(t))2∑N

t=1 ε(t)
2

. (5.4)

The signal to noise ratios and the location of EEG channels are summarized in Fig. 5.2
and Fig. 5.3.

a) b)

Fig. 5.2.: a) Signal to noise ratio of the fMRI signal at all �ve regions, named
R1 - R5. Note the logarithmic scale of the ordinate. b) Schematic
visualization of the location of the EEG channels. Modi�ed from
http://www.bbci.de/competition/ii/albany_desc/image004.jpg.

For the calculation of the lead �eld matrix K the software package SPM 8
(http://www.�l.ion.ucl.ac.uk/spm/software/spm8) based on MATLAB (MATLAB ver-
sion 7.9 (R2009b) Natick, Massachusetts: The MathWorks Inc, 2009) has been used.
The calculation was based on a standardized head model. The orientation of the dipoles
is assumed to be perpendicular to the surface of the cortex. The EEG sources are as-
sumed to be point like, i. e., without spatial extent.
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Fig. 5.3.: Signal to noise ratio of the 62 EEG channels. The location of the EEG channels
is schematically depicted in Fig. 5.2 b). Note the logarithmic scale of the ordinate.
The high signal to noise ratio of the channels Oz, O1 and O2, for instance, can be
explained by the closeness to the �rst region (cf. Fig. 5.1, Fig. 5.2 b))
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Three di�erent estimations of the directed partial correlation (dPC) are performed.
One based on EEG and fMRI data, one based solely on EEG data, and one based solely
on fMRI data. The initial parameter estimates for the parameter matrix A are set to
the true parameter values plus independent Gaussian distributed random numbers with
zero mean and variance 0.3. The initial parameter estimates for the noise covariances
are set to the true values multiplied by a Gaussian random number with mean 1 and
variance 0.1.
The convergence criterion of the expectation maximization algorithm is speci�ed as

lnLyN (Θr)− lnLyN (Θr−1)

lnLyN (Θr−1)
< 10−6, (5.5)

where lnLyN (Θ) is the likelihood of the data as speci�ed in (3.48), with the innovations
of the linear state space model replaced by the corresponding innovations of the nonlin-
ear state space model. The expectation maximization algorithm used for the maximum
likelihood estimates stopped when the convergence criterion was ful�lled. The resulting
dPC estimates are shown in Fig. 5.4 - Fig. 5.6. The signi�cance levels are corrected for
multiple testing using the Bonferroni correction. The number of performed signi�cance
tests Ntest can be calculated by

Ntest = pd2 +
d(d+ 1)

2
, (5.6)

where d is the number of regions and p is the order of the VAR process. The �rst term
in (5.6) describes the number of parameters in the parameter matrix A, the second term
equals the number of parameters in the covariance matrix Σ, due to the symmetry of the
covariance matrix. For the simulation in this section a total number of 60 signi�cance
tests has to be performed. Thus, the global signi�cance level of 0.05 results in point
wise signi�cance levels of 0.05

60 ≈ 0.0008.
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Fig. 5.4.: Estimates of the dPC
based on EEG and
fMRI data for the
idealized data case.
The signi�cance level
is Bonferroni corrected
to achieve a global
signi�cance level of
0.05.

The estimation based on EEG and fMRI data (Fig. 5.4) shows one false positive and
no false negative test result. An equal result is achieved for the estimation based solely
on EEG data (Fig. 5.5).



48 5.1. IDEALIZED DATA

-1

0

1 R1 
own
past

-1

0

1 R2 
own
past

-1

0

1

p
a
rt

ia
l 
c
o
rr

e
la

ti
o
n

R3 
own
past

-1

0

1 R4 
own
past

-2 2

-1

0

1

-2 2 -2 2

time lag
-2 2 -2 0

R5
own
past

Fig. 5.5.: Estimates of the dPC
based solely on EEG
data for the ideal-
ized data case. The
signi�cance level is
Bonferroni corrected
to achieve a global
signi�cance level of
0.05.
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Fig. 5.6.: Estimates of the dPC
based solely on fMRI
data for the ideal-
ized data case. The
signi�cance level is
Bonferroni corrected
to achieve a global
signi�cance level of
0.05.
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In both cases, a signi�cant in�uence from region 2 to region 3 at a time lag of 2 is
falsely detected. This in�uence is estimated to be very weak. Such false positive test
results may occur due to di�erent reasons. First, the signi�cance level is calculated
using the asymptotic distribution of the dPC estimates. This may introduce errors for
the �nite data case. In addition, the numerical evaluation of the information matrix
may introduce errors. Second, the maximization of the likelihood may be suboptimal,
e.g. due to a too high threshold for the convergence criterion. This is a general problem
of numerical optimization procedures. Finally, in some estimation examples the likeli-
hood decreased from one step to the next. In contrast, theoretical results point out a
monotonically nondecreasing property of the EM algorithm (Theorem 1 in [16]). This
indicates possible numerical instabilities in the algorithm. A thorough investigation of
the diverse possible reasons may be a topic of future research.
The dPC estimates resulting from an estimation based on fMRI data alone show large
deviations from the correct values (Fig. 5.6). A large number of false positive and false
negative test results are present. One possible reason for the incorrect dPC estimates is
the temporal convolution inherent in the hemodynamic model (Fig. 2.3). This can also
explain the high uncertainty represented through the large signi�cance levels in Fig.
5.6.
For a more detailed investigation of the e�ects of the hemodynamic model, the simu-
lated and estimated states and observations for the estimation based on fMRI data are
compared in the following (Fig. 5.7).
The estimated cerebral blood �ow (CBF), cerebral blood volume (CBV) and deoxy-
hemoglobin content show only small di�erences to the corresponding simulated values
(Fig. 5.7). The simulated and estimated BOLD signals are also very similar. Note that
the simulated BOLD signal in Fig. 5.7 is shown with additional measurement noise. The
estimated �ow inducing signal, i. e., the derivative of the CBF, shows larger di�erences
to the corresponding simulated values. Even larger di�erences are present between the
estimated and simulated neural activity. The estimated neural activity appears to be
a smoothed version of the simulated neural activity. One reason for the inaccurately
estimated neural activity may be the convolution e�ect of the hemodynamic model,
as already mentioned above. It appears as if the convolution e�ect mainly a�ects the
transformation from the neural activity to the CBF. This can be deduced since the
simulated CBF is considerably smoother than the simulated neural activity, whereas
the smoothness of the curves stays similar for the other transformations (Fig. 5.7).
The estimation of the states based on the data is accurate as long as the simulated
curve is su�ciently smooth. This observation, combined with the previous observation
con�rms the hypothesis that the temporal convolution negatively a�ects the estimation
results.
Another reason for the smooth estimated neural activity may be the following. The
Kalman �lter uses information up to the current instant of time. The BOLD response to
the neural activity, however, is time delayed. Therefore, the fMRI data provides hardly
any information for the Kalman �lter. Most information is incorporated through the
Kalman smoother. The Kalman smoother, in turn, usually provides smooth estimates
[17], as already suggested by the name. Thus, the delayed hemodynamic response in
combination with the method used for the estimation of the neural activity may con-
stitute a further reason for the inaccurate estimates.
Similar results are also obtained when the measurement noise of the fMRI data is re-
duced by a factor of 100 (data not shown). Thus, the inaccurate estimates cannot be
explained by the comparably high amount of measurement noise.
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Fig. 5.7.: Simulated and estimated states and BOLD signal for the �rst region. The estimation
was performed using fMRI data alone. Black curves depict the simulated values, red
curves represent the estimated values. The simulated BOLD signal is depicted with
additional measurement noise (bottom right graphic). The estimated signal repre-
sents the BOLD signal without measurement noise. The term ��ow inducing signal�
describes the derivative of the cerebral blood �ow (CBF).
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5.2. Challenging data

During this section, the in�uence of di�erent challenges on the performance of the devel-
oped method is tested. It is of particular interest to examine whether the combination
of EEG and fMRI data provides better results than the estimation based solely on EEG
data, since this was not the case for the idealized data. The estimation based solely on
fMRI data is not further considered since it already failed in the case of idealized data.
Three di�erent types of challenges are considered in this section. First, a higher amount
of measurement noise for the EEG data is simulated and the in�uence on the perfor-
mance is evaluated. Second, the performance of the developed method in the presence
of a deep source as well as in case of sources that are close to each other is investi-
gated. The former case is critical since the EEG signal generated by the deep source is
comparably weakly present at all EEG electrodes. The latter is critical since the lead
�eld vectors of two close-by sources with parallel orientation are similar. Third, the
in�uence of an additional EEG source that is not modeled is investigated. The EEG
signal represents a weighted summation of the signals from all sources. In the case that
one region is electrical active, but it is not modeled, the model is incomplete. On the
other hand, the model incorporates noise terms. Thus, it may be the case that the
connectivities are estimated correctly and the additional signal is incorporated in the
noise terms.

5.2.1. In�uence of measurement noise

Two di�erent simulations are performed in this section. The measurement noise of the
EEG measurements is increased by a factor of 10 and a factor of 100 compared to the
idealized data case. At the same time, the measurement noise of the fMRI measurements
is decreased by the same factor. The results for the estimation based on EEG and fMRI
data are depicted in Fig. 5.8 and Fig. 5.9. The corresponding results for the estimation
based solely on EEG data are shown in Fig. B.1 and Fig. B.2 in the appendix.
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Fig. 5.8.: Estimates of the dPC
based on EEG and
fMRI data for the
case of a ten times
increased measurement
noise for the EEG
data and correspond-
ing ten times decreased
measurement noise for
the fMRI data. The
signi�cance level is
Bonferroni corrected
to achieve a global
signi�cance level of
0.05.

For the estimation based on both modalities with 10 times increased (decreased) mea-
surement noise (Fig. 5.8), nine false positive test results and no false negative result
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Fig. 5.9.: Estimates of the dPC
based on EEG and
fMRI data for the case
of a hundred times
increased measurement
noise for the EEG data
and a corresponding
hundred times de-
creased measurement
noise for the fMRI
data. The signi�cance
level is Bonferroni
corrected to achieve a
global signi�cance level
of 0.05.

are present. However, most of the false positive results indicate very weak in�uences.
In addition, the signi�cance of the true positive results is considerably higher than
the signi�cance of the false positive results. In summary, this result indicates an anti-
conservativeness of the signi�cance criterion in the presence of high measurement noise.
In future work, it has to be evaluated in more detail whether this hypothesis is true.
Similar results are achieved for the estimation based on EEG data alone (Fig. B.1).
The main di�erence being that only six false positive test results are present in this
case.
The estimation of e�ective connectivities with 100 times increased (decreased) measure-
ment noise (Fig. 5.9) fails completely. A large amount of false positive and false negative
estimates is present. An analogous result is achieved for the estimation based solely on
EEG data (Fig. B.2). These results can not be explained by an anti-conservative sig-
ni�cance criterion.
In conclusion, the estimation based on both modalities leads to similar results as the
estimation based on the EEG data alone. This is the case even for the 100 times de-
creased measurement noise of the fMRI, resulting in a signal to noise ratio above 100 for
all regions (cf. Fig. 5.2). In addition, it can be concluded that the estimation based on
EEG data is quite robust with respect to measurement noise. To justify this conclusion,
it is emphasized that the case of 10 times increased measurement noise results in signal
to noise ratios below one for all but three EEG electrodes (cf. Fig. 5.3) and even below
0.1 for 36 of 62 electrodes.

5.2.2. Deep and close-by sources

In this section the performance of the estimation procedure in presence of close-by
sources and deep sources is investigated. For this purpose, the location of the �fth
region of interest is shifted (Fig. 5.10).

For the simulation of close-by sources, the �fth region is shifted to a location close to the
�rst region. For the simulation of a deep source, the �fth region is shifted to a location
that is comparably far away from the surface of the head. All other settings for the
simulation are the same as in the idealized data case. The resulting dPC estimates and
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Fig. 5.10.: Location of the regions of interest for the simulation of close-by sources (left graphic)
and a deep source (right graphic). The regions 1 and 5 are close to each other in the
left graphic. In the right graphic, region 5 is comparably far away from the surface
of the head, simulating a deep source. Note that the orientation of the net primary
currents for regions 1 and 5 is parallel for the case of close-by sources.

Bonferroni corrected signi�cance levels are depicted in Fig. 5.11 and Fig. 5.12 for the
estimation based on EEG and fMRI data. Analogous results for the estimation based
on EEG data alone are provided in Fig. B.3 and Fig. B.4 in the appendix.
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Fig. 5.11.: Estimates of the
dPC based on EEG
and fMRI data for
the case of close-by
sources. The sig-
ni�cance level is
Bonferroni corrected
to achieve a global
signi�cance level of
0.05.

In the case of close-by sources, fourteen false positive test results occur for the estimation
based on EEG and fMRI data (Fig. 5.11). Again, the signi�cances of the false positives
are weak compared to the true positives. The results for the estimation based on EEG
data alone are slightly better (Fig. B.3).
In the simulation example including a deep source, it is evident that false positive
test results are most frequent and strongest for the connectivities involving the deep
source, i. e., region �ve (Fig. 5.12 and Fig. B.4). The performance of the estimation
based on both modalities and the estimation based solely on EEG data are similar.
In conclusion, the presence of deep sources and close-by sources is problematic for the
method, irrespective of the inclusion of fMRI data.
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Fig. 5.12.: Estimates of the dPC
based on EEG and
fMRI data for the
case involving a deep
source. The signif-
icance level is Bon-
ferroni corrected to
achieve a global sig-
ni�cance level of 0.05.

5.2.3. Not-modeled sources

This section investigates the in�uence of not-modeled sources on the performance of the
estimation procedure. In general, it is problematic when variables of a network that
in�uence other variables are not observed. In such cases, interactions between variables
may result that are not present in the complete network.

Example 5.1
To give an example, consider the following VAR process

X1(t) = ε1(t) (5.7)

X2(t) = ε2(t) (5.8)

X3(t) = 0.7X1(t− 1) + 0.7X2(t− 1) + ε3(t) (5.9)

X4(t) = 0.8X2(t− 1) + 0.4X5(t− 1) + ε4(t) (5.10)

X5(t) = 0.4X4(t− 1) + ε5(t), (5.11)

where εi(t), i = 1, . . . , 5, t = 1, . . . , N are independent Gaussian random variables with
zero mean and variance 1. This process is a simpli�ed version of the VAR process used
in the simulations in this chapter. For convenience, the in�uence of each variable on
itself is skipped here. Assume that the second variable is not observed. In this case,
the equations above reduce to

X1(t) = ε1(t) (5.12)

X3(t) = 0.7X1(t− 1) + ε̃3(t) (5.13)

X4(t) = 0.4X5(t− 1) + ε̃4(t) (5.14)

X5(t) = 0.4X4(t− 1) + ε5(t), (5.15)

where

ε̃3(t) = ε3(t) + 0.7ε2(t− 1) (5.16)

ε̃4(t) = ε4(t) + 0.8ε2(t− 1), (5.17)
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showing a covariance of X3(t) and X4(t) of 0.56. Thus, an instantaneous interaction
between X3(t) and X4(t) results. This instantaneous interaction is not present in the
original VAR process.

The problem of so called �spurious interactions�, as described above, is an active area of
research [18]. A detailed investigation of this issue goes beyond the scope of this thesis.
In the case of EEG data, an additional problem concerning not-modeled sources is
present. The electrical potential created by not-modeled sources contributes to the
EEG signal. The estimation procedure, on the other hand, tries to adjust the net
primary currents of the modeled sources in such a way that the electrical potential pro-
duced by these sources is close to the measured electrical potential. This may introduce
a bias in the estimated net primary currents. For the investigation of this challenge,
additional sources are simulated that are not connected to the other regions of interest.
Note that it is important that the simulated additional sources are not connected to
other sources to avoid spurious interactions as described above.
Two di�erent simulations are performed. In both cases, the regions of interest and the
interactions of the idealized data case are used. In the �rst simulation, an additional
source is simulated that is distant from the other sources (region number 6 in Fig. 5.13).
In the second simulation, the additional source is located close to the �rst source, in

Fig. 5.13.: Visualization of the regions of in-
terest for the simulation of an ad-
ditional source that is distant from
the other sources. The additional
source is located at region num-
ber 6.

the same location as source number �ve in the example of close-by sources above. In
both cases, the neural activity of the additional source is simulated as an autoregressive
process of order 1 with parameter 0.4. No interaction to other sources is simulated.
The estimation of e�ective connectivities is performed based on the �ve sources of the
idealized data case. The estimation results based solely on EEG data are depicted in
Fig. 5.14 and Fig. 5.15 for the distant and close additional source respectively.
In the case of the distant additional source, six false positive estimates result. The
signi�cance of the false positives is weak compared to the signi�cance of the true pos-
itives (Fig. 5.14). In the case of the close additional source, seventeen false positive
test results are present. Some of these false positives show strong interactions, such as
the instantaneous interactions between region 1 and region 2 and between region 2 and
region 4.
In summary, it can be deduced that the presence of additional sources negatively in-
�uences the performance of the estimation procedure. In addition, the location of the
additional source is of particular importance. The estimation based on EEG and fMRI
data provides no gain (Fig. B.5).
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Fig. 5.14.: Estimates of the dPC
based solely on EEG
data for the case of
an additional source
distant from the oth-
ers. The signi�-
cance level is Bon-
ferroni corrected to
achieve a global sig-
ni�cance level of 0.05.
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Fig. 5.15.: Estimates of the
dPC based solely on
EEG data for the
case of an additional
source close to an-
other source. The
signi�cance level is
Bonferroni corrected
to achieve a global
signi�cance level of
0.05.

5.3. Summary

In this chapter, the performance of the developed method for the estimation of e�ec-
tive connectivities based on EEG and fMRI data is tested. In addition, the estimation
based on the single modalities is investigated. In the case of idealized data the esti-
mation based solely on EEG data as well as the estimation based on EEG and fMRI
data show promising results. In contrast, the estimation based solely on fMRI data
fails. Possible reasons for this failure are the temporal convolution e�ect present in the
hemodynamic model as well as the time delayed BOLD response that results in a low
information content for the Unscented Kalman �lter.
The estimation procedure appears to be comparably robust in the case of high measure-
ment noise. The presence of close-by or deep sources leads to worse estimation results
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compared to the idealized data case. Not-modeled sources with interactions to the mod-
eled sources impose a challenge for the estimation of e�ective connectivities. They may
introduce spurious interactions. For the case of EEG data, not-modeled sources without
interactions to the modeled sources depict a further challenge. The not-modeled sources
contribute to the EEG signal resulting in falsely detected interactions. The strengths
of the in�uence of a not-modeled source depends on its location.
The potential gain of a combined estimation based on EEG and fMRI data as opposed
to the estimation based on the single modalities is of particular interest. Due to the
results in this chapter it can be deduced that the combination of EEG and fMRI data
provides no gain compared to the estimation based solely on EEG data.





6. Discussion and outlook

�The important thing is not to stop questioning.�
Albert Einstein (1879-1955)

For a thorough understanding of the performance of the human brain, it is important
to know which regions of the brain are involved in the processing during a speci�c task.
The determination of interactions of these regions is of particular interest. For both
purposes it is necessary to measure physical quantities that are related to the process-
ing of information by the brain. Two measurement techniques aiming to measure such
quantities are the electroencephalography (EEG) and functional magnetic resonance
imaging (fMRI). In the present thesis, possibilities for the determination of the interac-
tion between brain regions based on EEG and fMRI data have been investigated.
The EEG provides an insight into the brain with high temporal resolution. However, it
is not possible to determine the location of the EEG sources without further assump-
tions, due to the ill-posed EEG inverse problem. The fMRI technique, in contrast, does
not su�er from an ill-posed inverse problem. Therefore, the fMRI is the standard tech-
nique to determine the regions that are involved in the processing of the brain. The
investigation of the interplay of these regions represents a subsequent analysis step. It
is often also performed based on fMRI data.
Two analysis methods for this purpose have been presented in the present thesis. One is
the dynamic causal modeling (DCM), the other is the directed partial correlation (dPC).
The methods are complementary in such a way that DCM relies on a continuous, de-
terministic model and the dPC is based on a discrete, stochastic model. Continuous
models have the advantage to allow �exible measurement times as opposed to deter-
ministic models. This is in particular important due to the slice timing problem of the
fMRI. The usage of stochastic models accounts for the random activity that is present in
the brain, depicting an advantage compared to deterministic models. Thus, a possible
combination of the advantages of both models would result in a continuous, stochastic
model. This leads to the �eld of stochastic di�erential equations. However, from the
investigations in this thesis, it is evident that the low temporal resolution of the fMRI
imposes high challenges for the estimation of e�ective connectivity. Therefore, another
possibility is to use di�erent measurement techniques, such as the EEG, instead of more
and more complicated models.
For the determination of the regions of interest, the fMRI is the standard technique, due
to its high spatial resolution. The EEG su�ers from the ill-posed inverse problem. The
estimation of e�ective connectivities, however, requires a high temporal resolution in the
data as well. Therefore, EEG data may be well suited for this purpose. The simulation
results in the present thesis con�rm this hypothesis. The estimation based on data with
a moderate level of measurement noise in the case of distant sources that are close to
the surface of the head shows promising results. In addition, the simulations show that
the estimation is comparably robust with respect to an increased level of measurement
noise. The presence of deep or close-by sources negatively a�ects the estimation results.
However, the location of the regions has to be determined before. Thus, it is known
in advance, whether the method is supposed to provide reliable results. The case of
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not-modeled sources is critical not only for EEG data, provided that the not-modeled
region interacts with the others. Therefore, a careful determination of the regions is
important.
Some other challenges, such as an inaccurate head model, the in�uence of the reference
electrode or an inaccurate speci�cation of the location of the regions of interest, have to
be accounted for in future work. An extension of the EEG model to extended sources
is developed in [14]. This extension should be incorporated in the model when applied
to real data.
The desired improvement of the estimation of e�ective connectivities due to the com-
bination of EEG and fMRI data could not be achieved. The proposed method is not
able to use the fMRI data e�ciently. The estimation results are basically the same as
for the estimation based solely on EEG data. The ine�cient usage of the fMRI data
compared to the EEG data can be intuitively explained. The low number of regions
and their spatial distance does not require a high spatial resolution. On the other hand,
the fast dynamic of the neural activity requires a comparably high temporal resolution.
Thus, the strength of the EEG technique is more important than the strength of the
fMRI technique.
These results suggest that a potential gain of a combination of EEG and fMRI data for
the estimation of e�ective connectivities is highly questionable. For a further justi�ca-
tion of this statement note that for the simulations in the present thesis the sampling
rate of the fMRI was considerably higher than for real data. Furthermore, the detailed
relationship between the net primary currents and the abstract term neural activity is
still under investigation. The relationship is probably nonlinear. This further compli-
cates a combination of both modalities.
The probably nonlinear relationship between the net primary currents and the abstract
term neural activity that is related to the fMRI data has a further consequence. The
connectivities as estimated from EEG and fMRI data are not necessarily the same.
For instance, assume that the abstract term neural activity equals the absolute value
of the net primary current. Assume further an autoregressive process of order 1 with
parameter −0.9 for the net primary currents. This would indicate that a highly positive
net primary current is followed by a highly negative net primary current. The absolute
value of the net primary current and hence the neural activity is in both cases highly
positive. Thus, the parameter in the case of the neural activity would be positive.
This problem rises the question of the detailed interpretation of the connectivities as
well as the question of the correct model for the description of brain dynamics. In the
present thesis, the models are only compared according to their properties concerning
stochasticity and continuity as well as the ability to estimate e�ective connectivities.
The question, which model is the appropriate to capture the true dynamics of the brain
is not investigated. This question involves the development of criteria for the compar-
ison of the goodness of �t for di�erent kinds of models. Especially for those highly
di�ering models as used for the dPC and the DCM, for instance, it is not easy to de-
velop appropriate criteria for this purpose. A detailed investigation of this topic goes
beyond the scope of this thesis.
The present thesis suggests that a combination of EEG and fMRI data for the estima-
tion of e�ective connectivities is not useful. The question arises, whether a simultaneous
measurement of EEG and fMRI data is bene�cial regardless of this �nding. A bene�t
of the simultaneous measurement is the possibility to use the fMRI data for the lo-
calization of the regions of interest. As already mentioned, the localization of active
regions based on the EEG data is only possible with additional assumptions, due to the
ill-posed EEG inverse problem. Disadvantages of the simultaneous measurements are
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the additional EEG artifacts that are induced by the MR scanner. The severity of the
advantage and the disadvantage has to be investigated.
For future work it would be interesting to compare the estimates of e�ective connectiv-
ity as estimated from EEG to those estimated from fMRI data. It may be possible to
use the information for some kind of validation. That is, if a connection between two
regions is present for the estimation based on EEG data and for the estimation based
on fMRI data, the result may be more reliable than a connection that was estimated
from one modality only.
Finally, the performance of the Expectation-Maximization (EM) algorithm for the maxi-
mization of the likelihood as well as the �nite data signi�cance level have to be evaluated
in future work. Some simulation results in the present thesis indicate that the signi�-
cance level may be anti-conservative. The EM algorithm is known to converge slowly
compared to other optimization algorithms [61]. Furthermore, some numerical insta-
bilities have been observed during the present thesis. That is, the likelihood decreased
from one step to the next in some cases. In contrast, theoretical results point out a
monotonically nondecreasing property of the EM algorithm.





A. Proofs

A.1. Proofs for Kalman �lter and smoother

This section provides the proofs of Theorem 3.3 and 3.4. The proofs follow [61]. The
following result from multivariate normal distribution theory is used in the proof of the
Kalman �lter.

Lemma A.1
Let X1 and X2 be random vectors with joint distribution given by(

X1

X2

)
∼ N

((µ1

µ2

)
,

(
Σ11 Σ12

Σ21 Σ22

))
. (A.1)

The conditional distribution of X1 given X2 = a is given by

X1|X2 = a ∼ N (µ1 + Σ12Σ−1
22 (a− µ2),Σ11 − Σ12Σ−1

22 Σ21). (A.2)

Proof. The proof is given in [8] Proposition 5.6.

With the notation in 3.1, Theorem 3.3 states that the following equations hold for
t = 1, . . . , N and intial values x0

0 = µ0 and P 0
0 = Σ0

xt−1
t = Axt−1

t−1 + Ψu(t) (A.3)

P t−1
t = AP t−1

t−1A
T + Σ (A.4)

xtt = xt−1
t +Kt(y(t)− Cxt−1

t ) (A.5)

P tt = (Idx −KtC)P t−1
t (A.6)

where

Kt = P t−1
t CT (CP t−1

t CT +R)−1. (A.7)

Proof. The derivations of (A.3) and (A.4) follow from the linearity of the expectation
and the independence of ε(t) and Yt−1 as well as ε(t) and X(t− 1) by

xt−1
t = E(X(t)|yt−1) = E(AX(t− 1) + Ψu(t) + ε(t)|yt−1) = Axt−1

t−1 + Ψu(t) (A.8)

P t−1
t = E((X(t)− xt−1

t )(X(t)− xt−1
t )T |yt−1)

= E([A(X(t− 1)− xt−1
t−1) + ε(t)][A(X(t− 1)− xt−1

t−1) + ε(t)]T |yt−1)

= AP t−1
t−1A

T + Σ.

(A.9)

For the derivation of (A.5) and (A.6) de�ne the innovations W(t) by

W(t) = Y(t)− E(Y(t)|yt−1) = Y(t)− Cxt−1
t . (A.10)

It is E(W(t)|yt−1) = 0 and

Qt := V ar(W(t)|yt−1) = V ar(C(X(t)− xt−1
t ) + ξ(t)|yt−1) = CP t−1

t CT +R. (A.11)
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The covariance of W(t) and X(t) is given by

Cov(W(t),X(t)|yt−1) = E([C(X(t)− xt−1
t ) + ξ(t)][X(t)− xt−1

t ]T |yt−1) = CP t−1
t .
(A.12)

Together, the joint distribution of X(t) and W(t) given the data up to time t − 1 is
given by (

X(t)
W(t)

)
|yt−1 ∼ N

((xt−1
t

0

)
,

(
P t−1
t (P t−1

t )TCT

CP t−1
t Qt

))
. (A.13)

Using Lemma A.1, equations (A.5) and (A.6) can be derived by

xtt = E(X(t)|yt) = E(X(t)|yt−1,w(t)) = xt−1
t +Ktw(t) = xt−1

t +Kt(y(t)− Cxt−1
t )
(A.14)

and

P tt = V ar(X(t)|yt) = V ar(X(t)|yt−1,w(t)) = P t−1
t − (P t−1

t )TCTQ−1
t CP t−1

t

= (Idx −KtC)P t−1
t

(A.15)

where

Kt = (P t−1
t )TCTQ−1

t = (P t−1
t )TCT (CP t−1

t CT +R)−1. (A.16)

For the derivation of the Kalman smoother equations, the following Lemma is needed.

Lemma A.2
For matrices C, B, and D of order n× n, m×m, and m× n, respectively, where C and
B are positive de�nite, the following equations hold:

(C−1 +DTB−1D)−1 = C − CDT (DCDT +B)−1DC (A.17)

(C−1 +DTB−1D)−1DTB−1 = CDT (DCDT +B)−1. (A.18)

Proof. The proof follows immediately from [30] equations (12) and (13).

The Kalman smoother is given by the following equations for t = N, . . . , 1:

xNt−1 = xt−1
t−1 + Jt−1(xNt − xt−1

t ) (A.19)

PNt−1 = P t−1
t−1 + Jt−1(PNt − P t−1

t )JTt−1 (A.20)

where

Jt−1 = P t−1
t−1A

T (P t−1
t )−1. (A.21)

Proof. The random vectors X(t) and X(t− 1) are assumed to be Gaussian distributed.
Their joint density given the data is denoted by f(X(t − 1),X(t)|yN ). Due to the
Gaussian distribution, the conditional expectations xNt and xNt−1 maximize the joint
density f . By the de�nition of the conditional density it is

f(X(t− 1),X(t)|yN ) ∝ f(X(t− 1),X(t),yN )

= f(yt−1)f(X(t− 1),X(t),y(t), . . . ,y(N)|yt−1)

= f(yt−1)f(X(t− 1),X(t)|yt−1)f(y(t), . . . ,y(N)|X(t− 1),X(t),yt−1)

= f(yt−1)f(X(t− 1)|yt−1)f(X(t)|X(t− 1),yt−1)f(y(t), . . . ,y(N)|X(t− 1),X(t),yt−1)

(A.22)
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For linear state space models (De�nition 3.5) it is

f(X(t)|X(t− 1),yt−1) = f(X(t)|X(t− 1)) (A.23)

f(y(t), . . . ,y(N)|X(t− 1),X(t),yt−1) = f(y(t), . . . ,y(N)|X(t)). (A.24)

Thus, (A.22) may be written as

f(X(t− 1),X(t)|yN ) ∝ c(X(t))f(X(t− 1)|yt−1)f(X(t)|X(t− 1)), (A.25)

where

c(X(t)) = f(yt−1)f(y(t), . . . ,y(N)|X(t)) (A.26)

is independent of X(t− 1).
In the Kalman smoother, xNt is available from the previous iteration. Taking minus the
logarithm of (A.25), xNt−1 is found by minimizing

l(X(t− 1)) = (X(t− 1)− xt−1
t−1)T (P t−1

t−1 )−1(X(t− 1)− xt−1
t−1)

+ (xNt −AX(t− 1)−Ψu(t− 1))TΣ−1(xNt −AX(t− 1)−Ψu(t− 1)).

(A.27)

Di�erentiating with respect to X(t− 1) and equating to zero yields

0 = 2(P t−1
t−1 )−1(xNt−1 − xt−1

t−1)− 2ATΣ−1(xNt −Ψu(t− 1)−AxNt−1) (A.28)

⇒xNt−1 = [(P t−1
t−1 )−1 +ATΣ−1A]−1[(P t−1

t−1 )−1xt−1
t−1

+ATΣ−1(xNt −Ψu(t− 1))].
(A.29)

Using Lemma A.2 with D = A, B = Σ and C = P t−1
t−1 it is

xNt−1 = (Idx − P t−1
t−1A

T (AP t−1
t−1A

T + Σ)−1A)xt−1
t−1

+ P t−1
t−1A

T (AP t−1
t−1A

T + Σ)−1(xNt −Ψu(t− 1))

= xt−1
t−1 + Jt−1(xNt − xt−1

t ),

(A.30)

where

Jt−1 = P t−1
t−1A

T (AP t−1
t−1A

T + Σ)−1 = P t−1
t−1A

T (P t−1
t )−1. (A.31)

For the calculation of the error covariance PNt−1 start with (A.30) to obtain

(X(t− 1)− xNt−1) + Jt−1x
N
t = (X(t− 1)− xt−1

t−1) + Jt−1x
t−1
t . (A.32)

Multiplying each side of (A.32) by its transpose and taking expectation conditioned on
the data yields

PNt−1 + Jt−1x
N
t (xNt )TJTt−1 = P t−1

t−1 + Jt−1x
t−1
t (xt−1

t )TJTt−1 (A.33)

since the mixed terms equal zero. Using

xNt (xNt )T = E(X(t)(X(t))T )− PNt (A.34)

xt−1
t (xt−1

t )T = E(X(t)(X(t))T )− P t−1
t (A.35)

(A.33) simpli�es to (A.20).
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A.2. Proof of the analytical form of the EM algorithm

Lemma A.3
For random vectors X and Y and a symmetric matrix A it is

E(XTAX|Y) = trace{AE(XXT |Y)} = trace{A(Σ + ccT )} (A.36)

where c = E(X|Y) and Σ = V ar(X|Y).

Proof. By the linearity of the expectation the following equations hold

E(XTAX|Y) =
∑
i

∑
j

AijE(XiXj |Y)

=
∑
i

Ai·(E(XXT |Y))·i =
∑
i

(AE(XXT |Y))ii

= trace{AE(XXT |Y)}.

(A.37)

The second equation follows from

V ar(X|Y) = E(XXT |Y)− E(X|Y)(E(X|Y))T . (A.38)

The proof of Theorem 3.6 is given in the following. The �rst part of Theorem 3.6 con-
cerns the expectation step of the EM algorithm. The analytical form of the expectation
step in Algorithm 3.1 is given by

Q(Θ|Θ(j−1)) = ln det(Σ0) + trace{Σ−1
0 [PN0 + (xN0 − µ0)(xN0 − µ0)T ]}

+N ln det(Σ)

+ trace{Σ−1[S11 − S10A
T −AST10 +AS00A

T ]}
+ trace{Σ−1[−T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A

T + ΨTuuΨT ]}
+N ln det(R)

+ trace{R−1
N∑
t=1

[(y(t)− CxNt )(y(t)− CxNt )T + CPNt C
T ]}.

(A.39)

Proof. In this proof, all expectations and variances are conditioned on yN and Θ(j−1).
For convenience, these conditions are not written explicitly. By Algorithm 3.1 and
Remark 3.4 it is

Q(Θ|Θ(j−1)) = E(−2 lnLXN ,yN
(Θ))

= ln det(Σ0) + E((X(0)− µ0)TΣ−1
0 (X(0)− µ0))

+N ln det(Σ)

+ E(
N∑
t=1

(X(t)−AX(t− 1)−Ψu(t))TΣ−1(X(t)−AX(t− 1)−Ψu(t)))

+N ln det(R) + E(
N∑
t=1

(y(t)− CX(t))TR−1(y(t)− CX(t))).

(A.40)
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The three terms in (A.40) involving expectations can be simpli�ed by the use of Lemma
A.2. For the �rst expectation term it is

E((X(0)− µ0)TΣ−1
0 (X(0)− µ0))

= trace{Σ−1
0 [PN0 + (xN0 − µ0)(xN0 − µ0)T ]}.

(A.41)

The simpli�cation of the second expectation term is more involved. Using the �rst
equation of Lemma A.2, it is

N∑
t=1

E((X(t)−AX(t− 1)−Ψu(t))TΣ−1(X(t)−AX(t− 1)−Ψu(t)))

=
N∑
t=1

trace{Σ−1E((X(t)−AX(t− 1)−Ψu(t))(X(t)−AX(t− 1)−Ψu(t))T )}

=
N∑
t=1

trace{Σ−1[E(X(t)(X(t))T )− E(X(t)(X(t− 1))TAT )

− E(AX(t− 1)(X(t))T ) + E(AX(t− 1)(X(t− 1))TAT )

− E(X(t)(u(t))TΨT )− E(Ψu(t)(X(t))T ) + E(AX(t− 1)(u(t))TΨT )

+ E(Ψu(t)(X(t− 1))TAT ) + E(Ψu(t)(u(t))TΨT )]}.
(A.42)

Using E(X(t1)(X(t2))T ) = Cov(X(t1),X(t2)) + E(X(t1))(E(X(t2)))T and Notation
3.1, (A.42) simpli�es to

N∑
t=1

E((X(t)−AX(t− 1)−Ψu(t))TΣ−1(X(t)−AX(t− 1)−Ψu(t)))

=

N∑
t=1

trace{Σ−1[PNt + xNt (xNt )T − (PNt,t−1 + xNt (xNt−1)T )AT

−A((PNt,t−1)T + xNt−1(xNt )T ) +A(PNt−1 + xNt−1(xNt−1)T )AT − xNt (u(t))TΨT

−Ψu(t)(xNt )T +AxNt−1(u(t))TΨT + Ψu(t)(xNt−1)TAT + Ψu(t)(u(t))TΨT ]}
= trace{Σ−1[S11 − S10A

T −AST10 +AS00A
T ]}

+ trace{Σ−1[−T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A
T + ΨTuuΨT ]}.

(A.43)

The third expectation term in (A.40) can be simpli�ed using Lemma A.2 by

E(

N∑
t=1

(y(t)− CX(t))TR−1(y(t)− CX(t)))

= trace{R−1
N∑
t=1

[CPNt C
T + (y(t)− CxNt )(y(t)− CxNt )T ]}.

(A.44)

The desired result is obtained by replacing the three expectation terms in A.40 by A.41,
A.43 and A.44.

For the proof of the second part of Theorem 3.6 the following results are helpful.



68 A.2. PROOF OF THE ANALYTICAL FORM OF THE EM ALGORITHM

Lemma A.4
Let A,B,C and X be matrices, such that the matrix products below are meaningful.
Then, the following equations hold

∂

∂X
trace{AXB} = ATBT (A.45)

∂

∂X
trace{AXTB} = BA (A.46)

∂

∂X
trace{AXBXTC} = ATCTXBT + CAXB (A.47)

∂

∂X
trace{AX−1B} = −(X−1)TATBT (X−1)T (A.48)

where ∂
∂X f is a matrix with entries ( ∂

∂X f)ij = ∂
∂Xij

f .

Proof.

∂

∂Xij
trace{AXB} =

∂

∂Xij

∑
i,j,k

AkiXijBjk =
∑
k

AkiBjk = (ATBT )ij (A.49)

∂

∂X
trace{AXTB} =

∂

∂X
trace{BTXAT } = BA (A.50)

∂

∂Xij
trace{AXBXTC} =

∂

∂Xij

∑
i,j,k,l,m

AkiXijBjlXmlCmk

=
∑
k,l,m

[AkiBjlXmlCmk +AklBmjXlmCik]

= ATCTXBT + CAXB.

(A.51)

For the proof of the last equation, the derivative of X−1 with respect to Xij is needed.
It can be calculated by use of the product rule of di�erentiation by

0 =
∂I

∂Xij
=
∂XX−1

∂Xij
=

∂X

∂Xij
X−1 +X

∂X−1

∂Xij
(A.52)

⇒ ∂X−1

∂Xij
= −X−1 ∂X

∂Xij
X−1 = −X−1eie

T
j X
−1, (A.53)

where ei is the i-th unit vector. Using this result, it is

∂

∂Xij
trace{AX−1B} = trace{A ∂

∂Xij
X−1B} = −trace{AX−1eie

T
j X
−1B}

= −
∑
k

(AX−1ei)k(e
T
j X
−1B)k = −(AX−1ei)

T (eTj X
−1B)T

= −eTi (X−1)TATBT (X−1)T ej = −((X−1)TATBT (X−1)T )ij

(A.54)

The second part of Theorem 3.6 concerns the maximization step. The parameter esti-
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mates are given by

(
A(j) Ψ(j)

)
=
(
S10 T11

)(S00 T01

T T01 Tuu

)−1

(A.55)

Σ(j) =
1

N
(S11 − S10A

T −AST10 +AS00A
T

− T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A
T + ΨTuuΨT )

(A.56)

R(j) =
1

N

N∑
t=1

[(y(t)− CxNt )(y(t)− CxNt )T + CPNt C
T ] (A.57)

µ
(j)
0 = xN0 . (A.58)

Proof. For the maximization of the expected likelihood, the derivatives of (A.39) with
respect to the parameters must equal zero. The derivatives are calculated in the fol-
lowing. Using Lemma A.4 as well as the symmetry of Σ−1 and S00, the derivative of
(A.39) with respect to A is given by

∂

∂A
Q(Θ|Θ(j−1))

=
∂

∂A
[trace{Σ−1[S11 − S10A

T −AST10 +AS00A
T ]}

+ trace{Σ−1[−T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A
T + ΨTuuΨT ]}]

= −2Σ−1S10 + 2Σ−1AS00 + 2Σ−1ΨT T01.

(A.59)

The derivative of (A.39) with respect to Ψ is given by

∂

∂Ψ
Q(Θ|Θ(j−1))

=
∂

∂Ψ
trace{Σ−1[−T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A

T + ΨTuuΨT ]}

= −2Σ−1T11 + 2Σ−1AT01 + 2Σ−1ΨTuu,

(A.60)

where the symmetry of Tuu is used additionally. Equating (A.59) and (A.60) to zero
yields (

A Ψ
)(S00 T01

T T01 Tuu

)
=
(
S10 T11

)
. (A.61)

Solving this equation with respect to A and Ψ results in (A.55). The derivative of
(A.39) with respect to Σ is given by

∂

∂Σ
Q(Θ|Θ(j−1))

=
∂

∂Σ
N ln det(Σ)

+ trace{Σ−1[S11 − S10A
T −AST10 +AS00A

T ]}
+ trace{Σ−1[−T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A

T + ΨTuuΨT ]}
= NΣ−1 − Σ−1[S11 − S10A

T −AST10 +AS00A
T

− T11ΨT −ΨT T11 +AT01ΨT + ΨT T01A
T + ΨTuuΨT ]Σ−1,

(A.62)

where the last equation of Lemma A.4 has been applied. Equating (A.62) to zero and
solving it with respect to Σ results in (A.56).
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Di�erentiating (A.39) with respect to R yields

∂

∂R
Q(Θ|Θ(j−1))

=
∂

∂R
N ln det(R)

+ trace{R−1
N∑
t=1

[(y(t)− CxNt )(y(t)− CxNt )T + CPNt C
T ]}

= NR−1 −R−1[(y(t)− CxNt )(y(t)− CxNt )T + CPNt C
T ]R−1.

(A.63)

Equating (A.63) to zero results in (A.57). Finally, the derivative of (A.39) with respect
to µ0 yields

∂

∂µ0
Q(Θ|Θ(j−1))

=
∂

∂µ0
trace{Σ−1

0 [PN0 + (xN0 − µ0)(xN0 − µ0)T ]}

= −2Σ−1
0 xN0 + 2Σ−1

0 µ0.

(A.64)

Equating (A.64) to zero results in (A.58).
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Fig. B.1.: Estimates of the dPC
based solely on EEG
data for the case of
a ten times increased
measurement noise.
The signi�cance level
is Bonferroni cor-
rected, to achieve a
global signi�cance
level of 0.05.
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Fig. B.2.: Estimates of the dPC
based solely on EEG
data for the case of
a hundred times in-
creased measurement
noise. The signif-
icance level is Bon-
ferroni corrected, to
achieve a global signif-
icance level of 0.05.
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Fig. B.3.: Estimates of the dPC
based solely on EEG
data for the case of
close-by sources. The
signi�cance level is
Bonferroni corrected,
to achieve a global
signi�cance level of
0.05.
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Fig. B.4.: Estimates of the dPC
based solely on EEG
data for the case in-
volving a deep source.
The signi�cance level
is Bonferroni cor-
rected, to achieve a
global signi�cance
level of 0.05.
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Fig. B.5.: Estimates of the dPC
based on EEG and
fMRI data for the
case of an additional
source close to another
source. The signif-
icance level is Bon-
ferroni corrected, to
achieve a global signif-
icance level of 0.05.
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